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Abstract— This paper exposes a controller for the nonlinear
systems in the block controllable form. This proposal
guarantees exponential exact tracking in the presence of
unknown matched and unmatched disturbances by means
a combination of the block control method and integral
terms designed with high-order sliding-modes algorithms. Both,
matched and unmatched, disturbances are compensated by
those integral continuous terms and the tracking is achieved
with the design of a nominal control law.

I. INTRODUCTION

A basic problem in the design of feedback control
systems in the stabilization and tracking in presence of
uncertainty caused by plant parameter variations and external
perturbations. In order to deal with these problems, several
approaches have been proposed. Most of them are based on
Lyapunov stability theory and variable structure systems with
sliding modes (SM). The SM techniques are based on the
idea of the sliding manifold, that is an integral manifold with
finite reaching time [1] and have been widely used for the
problems of dynamic systems control and observation due
to their characteristics of finite time convergence, robustness
and insensitivity to uncertainties due to external bounded
disturbances and parameters variation [2].

For the design process of controllers based on Lyapunov
and SM it is recognized the disturbances which belongs
to the control subspace, the matched ones, and those
disturbances that appear into a subspace spanned by different
than the control coordinates, the unmatched. For the sliding
mode control case, the closed-loop system can be proposed to
be insensitive to a certain class disturbances, which results to
be the matched disturbances [3]. However, these controllers
are not able to compensate the disturbances affecting the
motion on the sliding manifold, i.e. unmatched disturbances,
making the controller synthesis for the systems with
unmatched disturbances a high challenging and interesting
problem.

For systems presented in some block-wise form as the
regular form [4], or block controllable forms [5], [6],
the design procedures is performed, usually by applying
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step-by-step algorithms as the block control or the back-
stepping [7], using some of the states as intermediate control
variables or pseudo-controllers. Also, these forms allow
the easy identification of the matched and the unmatched
disturbances, leading to a straight calculation of pseudo-
controllers which reduce the unmatched disturbances effect.

Taking into account that, for the case of SM control, the
pseudo-control proposal is derived from the sliding manifold
design, a manifold with high gain structure to attenuate the
unmatched disturbances and to stabilize the SM dynamics
for systems presented in the nonlinear block controllable
(NBC) form [6] is proposed in [8]. Similarly, for this class of
systems, the nested SM control [9] is proposed by replacing
the high gain terms with sigmoid functions with the aim to
create a quasi-sliding dynamics. Note that, in order to induce
the SM dynamics, the manifold must be differentiable, this
is the reason for the use of sigmoid functions instead of the
well-known sign function.

As alternative to the mentioned high gain methods, a
common and effective approach is the design of sliding
manifolds which include integral SM control terms as, for
example, the proposed in [10]-[12], including high order
designs [13]. The integral SM control [14]-[16] has been
proposed with the aim to force the system trajectory starting
from the sliding manifold, eliminating the reaching phase
and ensuring robustness. These controllers have been shown
high performance and easy implementation, specially with
its discrete version as shown in [17]-[20]. An important case
of the application of integral SM control terms is the use of
integral nested SM algorithms (IN-SM) [21], [22], which are
based on the application of the nested SM control, combined
with the integral SM control to systems presented in the NBC
form. In this way, the motion on the sliding manifold has the
characteristics of the integral SM controllers, rejecting or
attenuating the unmatched disturbances. However, as for the
case of nested SM control, avoiding the sliding manifold to
contain discontinuous terms as the sign function, continuous
approximation of the sign function is applied in the IN-
SM case, where the sign function is replaced by a sigmoid
function for each block. This proposal allows the design of
a well defined manifold, but, with reduced robustness and
tracking performance.

In order to overcome this major drawback of the IN-SM
scheme, in this paper a new control algorithm for systems
presented in the NBC form, the integral nested high order
sliding mode control (IN-HOSM). The first forms of IN-
HOSM were presented in [23], [24] with the main idea to use
the quasi-continuous SM (QC-SM) algorithms [25] instead
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of sigmoid functions (used by the IN-SM) to the integral SM
terms design, leading to a nested integral structure but with
exact disturbance rejection. A similar technique presented in
[26], which is an improvement of the mentioned high gains
methods, offering exact tracking an finite time convergence.
It is worth to highlight that the QC-SM algorithms can be
designed to be differentiable for each block by selecting a
suitable order.

The closed-loop system exhibits the properties of
exponential tracking and robustness, rejecting the uncertainty
due to the parameter variations and external disturbances.

The paper is exposed as follows: Section II presents
the nonlinear system in the NBC form to be studied
and the problem formulation. Section III describes the
proposed controller, including a stability and robustness
analysis. Simulation results which demonstrate the main
characteristics of the proposed controller, are presented in
Section IV. Finally, in Section V the conclusions are given.

II. PROBLEM STATEMENT

Consider the nonlinear system in the NBC form

#1 = fi(x1,t) + Bi(z1, t)ze + Ar (21, 1)
&y = fi(Zi,t) + Bi(Zi, t)wip1 + A(Z5, 1) (D

Tr = fr(x,t) + Bp(x, t)u + Ay (x,t)

= 2,...,r — 1, t > 0 is the time variable,
v =[] ... af ]T is the system state, divided in
r blocks z; € X; C R™, with the hierarchical structure
T; = [ xf J;? ]Tandnl <ny<...<n,,u€R"™
is the control input, f;(-) are known nonlinear smooth vector
fields, B;(Z;,t) € R™*™ are known full rank and uniformly
bounded matrices in X; and, A;(Z;,t) are unknown bounded
perturbation terms due to parameter variations and external
disturbances.

The control output is y = x1, the system state = and
the control signal u are assumed to be known. The control
problem is to design a controller such that the output tracks
a smooth desired reference y, in spite of the perturbations

presence.

where ¢

III. CONTROLLER DESIGN
A. On the Quasi-continuous controller

Consider the following SISO affine system:
¢ =alt,¢) +b(t, p)u 0

where ¢ € RP. The control objective is the finite time
stabilization of a variable o(t,¢) € R assumed to be the
output of the system (2). The functions a, b and o can be
considered as unknown, as well the system dimension p. It
is assumed the relative degree [27] of (2) with respect to o
is 7o € N, that is

o) = h(t, ¢) + g(t, )u 3)

where h(t,¢) = o("*)|,—o and g(t,¢) = 8‘76(;0). Those

functions are considered to globally fulfill the inequalities

Ho(ra)

0< K,, < < Ky and |0 |,—o < C

for some positive constants K,,,, Kj; and C, following to
the differential inclusion

o"e) e [-C, O] + [Kpm, Knlu. 4)

The quasi-continuous (QC) homogeneous controller,
introduced in [25], provides a bounded control feedback
which establishes a finite time sliding mode on the manifold
0=6=...000»=1) = 0. The control signal is continuous
everywhere but in this manifold, so it is called quasi-
continuous. For r, > 1, the following functions are defined:

$o,r

re — O» N re — , ¥ Te — —
eo,r, =0, Noy, = o], Wor, Now.
fure =) AN
Nir, = |0(T°')| + @N-(i”l_i)/(ra_iﬂ)

Pi,r . /

\I/i’l‘ :7,07 :17"'30"

sTo Ni_yra g T

With the parameters (i, . ..
controller

, Br, ;¢ > 0 large enough, the

u=—al, i, (d, N .,U(T“_l)) (6)

results in a r,-sliding homogeneous controller, providing
finite tine stability of (4), then inducing a r,-sliding mode on
(2). The solutions of the closed loop systems are understood
in Filippov sense [28].

B. Integral Nested Structure
Block I: For the first block, let e; = 1 — yq4, then

él :fl(xl,t)+Bl(x1,t)x2+51(m1,t) (7)
where A (zq,t) = Aq(x1,t) — Ja.
Defining
ez = 2 — P1(21, 1, w10, u11) ®)

with ¢1 (1, t, w0, u11) = B (z1,t)[— fi(z1,1) +u110—|—u11]
and Br(l‘l,t) = B?(.Tht) (B{(l‘l,t)Bl(ﬁl,t))
Replacing (8) in (7), it follows

é1 = uio +u1 + Bi(z1,t)es + Aq (1, 1) &)

where, the control variable w1 is used to stabilize the
tracking error e; and wj; is designed such that the
disturbance A;(z1,t) is compensated.

In order to propose the control term wui;, the variable
o1 € R™ is defined as

o1 =¢€1+ 21 (10)
where z; is an integral SM variable, thus
o1 = w0 + ur1 + Bz, t)es + Aq (a1, t) + 1. (11)
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By selecting dynamics for 27 as 21 = —ui9— By (21, t)ea,
the equation (11) reduces to

(5’1 :U11+A1($1,t). (12)
The control term u;¢ is proposed as
uip = Aseq (13)

with A; € R™*™ being a Hurwitz matrix and, u;; selected
from (5) as

ugq_l) = [ _051,1\117"71,1” (0-—11» ey O’ig_l))
T (14)
—1,n, \Ijrfl,'r (O'—lnlv e 70-§_:L1 1)) i|
where the o1, with k = 1,...,nq, is the k-th element of the

vector o, and its time derivatives are calculated by using a
finite time robust differentiator [29].
Finally, (9) takes the form

é1 = Arer + uir + Bi(z1,t)es + Ay (1, t) (15)

with uq71 as in (14).

The exposed procedure for the Block I will be extended
to the blocks ¢ with i = 2,...,r — 1, as follows:

Block i: For the block i, let e; = x; — ¢;_1, then

éi = fi(@i,t) + Bi (T, )xip1 + DNi(Ti,t) (16)
where Al(fz,t) = Al(fz,t) — gf.)i_l.
Defining
Cit1 = Tit1 — Oi(Ti, t, wio, win) a7

with ¢ (24, t, wio, u1) = BiF (Ti, t)[— fi(Ti, ) 4 wio + win]
and Bj (21,t) = BT (#,t) (BT (#1,t) Bi(:, 1))
Replacing (17) in (16), it follows

é; = wio + ui1 + Bi(@i, t)eir1 + Ai(T4, ) (18)

where, as for the first block, the control variable u;q is used
to stabilize the error variable e; and w;; is designed such that
the disturbance A;(%;,t) is compensated.

To propose the control term u;;, the variable o; € R™ is
defined as

op=¢€ + 2z (19)
where z; is an integral SM variable, thus
&i = Uio + it + Bi(Ti, t)eipr + Ai(Z,t) + % (20)

With 2; = —u;o — B;(Z;, t)e;+1, the equation (20) reduces
to

Similarly, u;o is proposed as
ujo = Aie; (22)

with A; € R™*™ being a Hurwitz matrix and, u;; selected
from (5) as

(r—1) . (r—1)
U;q = _ai,lqlrfi,rfiJrl Oily-++50;q
. T
. (r—1i)
—QGn; \I,rfi,rfiJrl (O-inia v 7Uini

(23)

where the 0,5, with £ = 1,...,n;, is the k-th element of the
vector o;.

Therefore, (18) takes the form

é; = Aie; + win + Bi(T;, t)eipr + Ay(Zi,t) (24)

with u;7 as in (23).

Finally, the control signal design for the Block r will be
presented.

Block r: For the block r, let e,, = x,, — ¢,—1, then

ér = fr(x,t) + Bo(r,t)u + Ap(,t) (25)
where A,.(r,t) = Ay (2,t) — ¢r_1.
Defining
u= B (z,t)[—fr(x,t) + Uro + up1] (26)
with Bif(x,t) = BT (x,t) (BT (x,6)B.(x,t)) ", and
replacing (26) in (25), it follows:
€r = Upo + Up1 + Ar(xv t) 27

where, as for the previous blocks, the control variable u,
is used to stabilize the error variable e, and wu,; is designed
such that the disturbance A, (z,t) is compensated.

For the control term u,; definition, the variable o, € R"r
is defined as

or = ey + 2, (28)

where z, is an integral SM variable, yielding to
Gr = Upo + Up1 + D (1, t) + 2. (29)

With 2z, = —u.q, the equation (29) reduces to
G = up1 + Ap(m,t). (30)

With the aim to obtain a continuous control u, u,q is
proposed as

Urpg = Arer (31)

with A, € R""*"" being a Hurwitz matrix.
The control term w,; designed with the use of the super-
twisting algorithm [30] as
Ur1 = [ —/\1,11}1(07«1) - )\2,1712(07«1) (32)
_Al,nrvl(arnr) - >\2,nTU2(0rnr) ]

where the o,,, with Kk = 1,...,n,, is the k-th element of
the vector o, A1 i, A2 > 0 are tuning parameters and, the
functions v1(+), va(-) are selected such that

vi () = |-["/*sign(-)
42(-) = sign(-).
Therefore, (27) takes the form
ér = Aver +up + An(z, ) (33)

with u,.1 as in (32).
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C. Stability Analysis

The closed loop system, consisting of the equations (15),
(24) and (33), has the form

= Aje; +up + Byi(xs
= Ases + us1 + Bg(l‘

Jt)ea + Ay (a1, )
25 )€3+A2(3327 t)

' _ 34
é; = Aje; + uin + Bi(Zi, t)eir + Ai(Zi, 1) G

ér = Arer +up + Ay (z, 1)

For the block 7, by selecting every gain Ay > 0 and
Aok > FSup,, | LA, (x,t) ,» the manifold o, = & = 0 is
reached in finite time [31]. Hence, from (30), the equivalent
control value [32] for u,1, {ur1}eq> rejects the disturbance
Ay (z,t).

Similarly, note that, with a suitable controller gains
selection for the quasi-continuous controllers, for the block i,
t=1,...,7—1 asliding mode is established on the manifold
(=9 _ 0 in finite time. Hence

f)'l =...=0q
{uin}eq = —Ai(ws, 1) (35)
that is, the equivalent control value {u;i}eq rejects the

disturbance A;(z;,t).
Therefore, the system (34) reduces to

€1 = A1€1 + Bl(:cl,t)eg
éy = Agey + Bo(Ta,t)es

36
é; = Aje; + Bi(T, t)ei (56)
e, = Aye,
which is a linear perturbed system with vanishing
perturbation.
The system can be written as
¢ = Ae + B(x,t)e (37)
with A = blockdiag[44,...,A,], e =coller,...,er—1,0,, ]
and B(z,t) = col[B1(-), ..., Br-1(-), On, xn..]-
Since B(z,t)e is bounded, it follows that
1Bz, )| <l (38)

with « and upper bound of B(z,t).
Consider the system (37). Let @ = Q7 > 0 and solve the
Lyapunov equation [33].

PA+ATP =-Q. (39)
The quadratic Lyapunov function V = e’ Pe
Ain(P) le® <V < Aax (P) [l
a—VAe = —e"Pe < —Muin(Q) | €] (40)

H H—H2 TP|| < 2|IP|l|le]l = 2Amax(P) [le]

The derivative of V' along the trajectories of the system
satisfies

V< = Xin(@) llell” + 22 max(P)y lle]”

Hence, the system is globally exponentially stable if v <
Amin (Q)
2Amax(P)

(41)

IV. NUMERICAL SIMULATION EXAMPLE
In order to expose the performance of the proposed
controller, consider the perturbed third order system [26]
&1 = 2sin(x1) + 1.52x2 + Ay (21, 1)
To = 0.8z129 + 23 + Ag(xg, t)
i3 = —x3 + 2u + Az(x,t)
Aq(x1,t) =0.2sin(t) + 0.1z1 4+ 0.12
AQ([Z’Q, ) =0.3 Sll’l(2t) + 021'1 + 02(E2 —-04
As(z,t) = 0.2sin(2t) + 0.221 4+ 0.3z + 0.223 + 0.3.
where A;, i = 1,2,3 are disturbances, which are regarded
as unknown to the controller .
For this case, the tracking of the reference yg; =
2sin(0.15t) + 4 cos(0.1¢) — 4 by x; is desired. For that, a
IN-HOSM controller is designed. The controller variables

are presented as follows:
The sliding manifolds are

o1 =e1+ 21
09 = €3 + 22
03 = e3 + 23
where the error variables are given by
€1 =21 —Yd
ey =Tz — @1
€3 = T3 — @2

and the integral sliding mode variables are

2'21 = —UuUi10 — 1.562
Z9 = —ugo0 — €3
23 = —2’LL3().

The quasi-controllers are given by

1 .
o1 = ﬁ (—2 Sln(:Cl) “+ u1g + u11)
P2 = —0.8x172 + ugg + U1

which are designed by using the quasi-continuous algorithms
for the integral terms

1
61+ B (jo1] +[01]3) " (61 + o Fsign(on) )

Uip = —oq1 T

61| + 51 (|¢1\ + |01|%)2

tor — —ay [ 2 Ba|oa| Zsign(o)
62| + Balora 2

and the nominal terms w1y = —kje1, ugg = —koea.
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Similarly, the controller u is given by

u=0.5 (.’L‘% + usg + U31)

where usg —kszesis the nominal control input and
the super-twisting wus; —A11v1 — A91v9, with v
|los|2sign(o) and 9y = sign(o) is the integral control term.

The closed loop disturbances are Ay (x1,t) = Ay (xq,1) —
Yd» Ag(i'g,t) = Ag(i‘g,t)—qsl and A3(£L‘,t) = A3($,t)—¢2.

The derivatives of the manifolds are obtained with a
sliding mode differentiator [29]. The gains for the controller
are k‘l = 5, k‘g = 5, k‘3 = 5, /\11 = 13, /\21 = 15, o] = 15,
a2:5,ﬂ1:2and52:1.

The results obtained by simulation are shown in the
following figures. The reference tracking is shown Fig. 1.
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Fig. 1. Reference tracking x1 (solid) and y4 (dashed)

The control signal is presented in Fig. 2.
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Fig. 2. Control signal u

The simulation exposes the high performance of the
controller in presence of, both, matched and unmatched

disturbances.

The following figures show how the integral terms of the

control wuyy, ugy and wgy reject the disturbances A;(Z;,t)
with ¢ = 1, 2, 3, respectively.
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Fig. 3. Disturbance Al(xl,t) (solid) and —wu11 (dashed)
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Fig. 4. Disturbance Ag(ig,t) (solid) and —wu21 (dashed)
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https://www.researchgate.net/publication/256661035_Robust_Exact_Differentiation_via_Sliding_Mode_Technique?el=1_x_8&enrichId=rgreq-30cdfd28-09c1-4af9-839f-0e19a18447cf&enrichSource=Y292ZXJQYWdlOzI2ODE5NjAwMDtBUzoxNjcyMjkwOTgzMDc1ODRAMTQxNjg4MTkzMjc4Mg==

V. CONCLUSIONS

A robust controller for nonlinear systems in the NBC form
was presented. This proposal offers finite time exact rejection
of, both, matched and unmatched disturbances. Since this
robustness features are achieved, an exact exponentially
converge tracking is obtained by the closed loop system.

Numerical simulations show the effectiveness and
feasibility of the proposal.
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