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Abstract— The aim of this paper is to introduce a controller
that stabilizes a class of arbitrary order systems in predefined-
time. The proposed controller is designed with basis on the
block-control principle yielding in a nested structure similar to
high order sliding mode algorithms and terminal sliding mode
algorithms. For this case, it is assumed the availability of the
state and the absence of perturbations. Numerical simulations
expose the desired performance of this controller.

I. INTRODUCTION

Several applications are characterized for requiring hard
time response constraints. In order to deal with those
requirements, various developments concerning to concept
of finite-time stability have been carried out (see for
example: [1]-[8]). Nevertheless, usually this finite time is an
unbounded function of the initial conditions of the system.

With the aim to eliminate this boundlessness, the notion
of fixed-time stability have been studied in [9]-[13]. Fixed-
time stability represents a significant advantage over finite-
time stability due to its desired feature of the convergence
time, as a function of the initial conditions, is bounded. That
makes the fixed-time stability a valuable feature in estimation
and optimization problems.

For the most of the proposed fixed-time stable system,
there are problems related with the convergence time. First,
the bounds of the fixed stabilization time found by Lyapunov
analysis constitute usually conservative estimations, i.e. they
are much larger than the true fixed stabilization time (see
for example [14], where the upper bound estimation is
approximately 100 times larger than the actual true fixed
stabilization time). Second, and as consequence, it is often
complicated to find a direct relationship between the tuning
gains and the fixed stabilization time, making this time hard
to tune.

To overcome the above, a class of first-order dynamical
systems with the minimum upper bound of the fixed
stabilization time equal to their only tuning gain has been
studied [15], [16], similarly a class of second-order systems
with similar features is presented in [17]. It is said that these
systems exhibit the property of predefined-time stability.

In this sense, this paper extends the concept of predefined-
time stability to higher-order systems by designing a
controller which induces this form of stability to a class
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of arbitrary order systems. Similarly to [17], the proposed
scheme allows to define high-order predefined-time stable
systems as a nested application of first-order predefined-time
stabilizing functions.

In the following, Section II presents the mathematical
preliminaries needed to introduce the proposed results.
Section III exposes the main result of this paper, which is
the a controller that stabilizes an arbitrary order system in
predefined-time. Section IV describes a third-order systems
where the proposed controller is applied. In addition, the
simulation results of the example are shown. Section V
presents the conclusions of this paper. Finally, an Appendix
with the more sophisticated proofs is added after the
conclusions.

II. MATHEMATICAL PRELIMINARIES
A. On predefined-time stability

Consider the system

&= f(z;p) ¢))

where € R” is the system state, p € R” represents the
parameters of the system and f : R™ — R"™ is a nonlinear
function. The initial conditions of this system are z(0) = xo.

Definition 2.1 ( [11]): The origin of (1) is globally finite-
time stable if it is globally asymptotically stable and any
solution x(t, 2g) of (1) reaches the equilibrium point at some
finite time moment, i.e., Vt > T(xg) : x(t,z9) = 0, where
T:R" - Ry U{0}.

Definition 2.2 ( [11]): The origin of (1) is fixed-time
stable if it is globally finite-time stable and the settling-time
function is bounded, i.e. IT1x > 0 : Vg € R™ : T(z) <
Tmax~

Remark 2.1: Note that there are several choices for Tip,x.
For instance, if the settling-time function is bounded by T,
it is also bounded by AT, for all A > 1. This motivates the
following definition.

Definition 2.3 ( [15], [16]): Let T be the set of all the
bounds of the settling time function for the system (1), i.e.,

T = {Tax > 0: V2o € R" : T(20) < Thax} . (2)

The minimum bound of the settling-time function T}, is
defined as:

Ty =inf T = sup T(zo). 3)

Remark 2.2: In a strict sense, the time T can be
considered as the true fixed-time in which the system (1)
stabilizes.



Definition 2.4 ( [15], [16]): For the case of fixed time
stability when the time Ty defined in (3) can be tuned by
a particular selection of the parameters p of the system (1),
it is said that the origin of the system (1) is predefined-time
stable.

B. On predefined-time stabilization
Definition 2.5: Let h > 0. For x € R, define the function

1" = |2|" sign(),

with sign(z) = 1 for z > 0, sign(z) = —1 for < 0 and
sign(0) € [—1,1]. Moreover, if h > 0, it is defined |0]" = 0.
Remark 2.3: For x € R, some properties of the function
|-1" are:
(i) |2]" is continuous for h > 0.
(ii) |x]° = sign(x).
(iii) |2]' = |z] ==,
(iv) [0]" =0 for h > 0.
(v) % =h|z]"" and % =hlz)".
(vi) For hq,hs € R, it follows:
~ L] Jal = " )" =
- 1" ] = T
ha

(vii) For hy,hy > 0, then [m’“] = [z]"",

Definition 2.6 ( [15], [16]): For x € R, the predefined-
time stabilizing function is defined as:

\_.%‘-| hi+ho

O (2;Te) = —— exp (|2]”) [2]' 77 )

1
Tep
where 7. >0 and 0 < p < 1.

Remark 2.4: As a consequence of annotations (i) and (ii)
in Remark 2.3, the function (4) is continuous for p < 1 and
discontinuous for p = 1.

From Definition 2.6, the following Lemma presents a
dynamical system with the predefined-time stability property,
giving meaning to the name of the function (4).

Lemma 2.1 ( [15], [16]): The origin of the system

T = _q)P(m;Tc) (5)

with T, > 0, and 0 < p < 1 is predefined-time stable with
Ty = T.. That is, z(t) = 0 for ¢ > T, in spite of the x(0)
value.

The following lemma characterizes the form of the high-
order derivatives of the function (4).

Lemma 2.2: Let m € N. The m-th order derivative of the
predefined-time stabilizing function (4) has the form

LT _ L exp ol?) PP L] 7"
(6)
where = # 0 and Py, (Jz[") = 327" " |x|Jp (sign(z))™,
with cpty = pep, T = pey +
cy ((j*l)pf(mfl)) for i = 1,...,m, cB”H =
" (—p—(m—1))and, c} =pand ¢} =1—p.

ITII. HIGH ORDER PREDEFINED-TIME
STABILIZING FEEDBACK CONTROLLER

A. Problem statement
Consider the n-th order scalar system in canonical form

&1 = X2

To = x3

(7

i‘kzxk-_;,_l fork:3,...,n—1

where x; € R for ¢ = 1,...,n are the state variables,

x =[xy - xn}T € R"™ is the state and v € R is

the input control signal. Furthermore, f : R — R and

b : R — R are nonlinear functions, and b(x) # 0 for all

x € R™. The initial conditions of this system are z(0) =
T T

[Zl(O) $n(0)] = [xl,O .Tmo] = Xg.

The task is to design a predefined-time stabilizing
feedback controller for the system (7). In other words, the
state x is to be stabilized in predefined time assuming that
it is available for measurement.

B. Controller design

With basis on the function ®,(z;
singular transformation

T.), regard the non-

o1 =T
09 = T2 + q)pl(O'l;Tcl)
d®p, (01;Te,)

03 =23+ it + @y, (025 Te,) ®
k=2 jh_1_;
oL = Tp + d" 1@, (0T,
k — 4k : dtk_l_j
7j=1
+ (I)Pk—l(akfl;TCk—l)
with k = 4,...,n, where 0 < p; < —— and T, > 0 for

n—i+1
t=1,...,n— 1 Furthermore, for m € N, d[,sb) denotes
the m-th order derivative of the argument (-) with respect to
time.

Applying the transformation (8), the system (7) can be
presented in the coordinates (01,03 ...,0,) as

dl = _(I)pl (Ul;TC1) + o2

Gy = —®p,(02;Te,) + 03

d’k:—q) (Uk;Tck)+Uk+1 fork=3,...,n—1 9)
d”_. PJ U]7T )
f + b u + Z dtn—7 ’
with initial conditions 01(0) = 01,0, ---» 0n(0) = 0p0,
obtained evaluating £ = 0 in (8).
Hence, selecting the control input u as

1
=—— 10
b ) 0 (10)

mn—j o

where v = 3777 - % + @, (on;Te,) with

T, >0 and 0 < p,, <1, the system (9) becomes
o =—p, (0k;Te,) + g1 for k=1,...,n—1

11
On =—Pp, (on; T, ). (i



Example 3.1: The following are expressions of the
controller (10) for n = 1,2, 3.
e« Forn=1
1
u = _@ [f({L') + (I)pl(gl;TCl)] ’

with o7 =7 asin (8), p; <1 and T, > 0.
e Forn=2
1 T +d(bpl (UI;TCI)

doy (_(I)Pl (Ul;Tcl)+

02) + @PQ (02; TC2) y

with 01 = z1 and 09 = x93 + ®,,(01;T¢,) as in (8),
P < %, D2 S 1 and TclaT(/‘2 > 0.
e Forn=3

d2q)l)1 (Ul; TCl )

2
doy

dd 7))\
02)2 B (1)1;(;11)) (= @p, (01 Te,) + 02)+

( - (I)Pl (01; TC] )+

d(I)I)l (0-1; TC1 )
dO’l

dq)pz (02; TCz )
dO’Q

(= Pp, (025 Te,) + 03)+
( - ¢P2(02;TC2) + 03)+

(I);Da (03; TCs)

)

with 01 = x1, 02 = x2 + @, (01;T¢,) and o3 =

APy, (01;T¢, . :
x3+M(_¢p1<Ulmi)+a2) +q)pz(‘727T02)

do’l

asin (8),p1 < £, p2 < 5, p3 <land T,,,T,,,T., > 0.

In the above expressions

1 . .
©p, (03 Te) = 7 PY 1oy P fori=1,2,3

Cci 1’

exp(|o;

d®, (o;:T.. 1 v v -
plg:; o) = Topn exp(\ai|pz)pls(|ai|pz) lo7] pi

fori=1,2
d2(I):D1 (Ul;Tcl) _
d20'1 T01p1
where P;(|o;|P") = [pi|oi|"" + (1 — p;)]sign(o;) and
s 2
Ps(lo1"*) = piloa[™ 4+ pi(1 = p1) |oa[”* = pi(1 = p1).

exp(|on[")P3 (loa ') [oa] 7

C. Stability analysis

The predefined-time stability of the closed-loop system
(11) is a direct consequence of Lemma 2.1, and is stated in
the following theorem.

Theorem 3.1: For the system (7) closed-loop with the
controller (10), z;(t) = 0 for ¢ = 1,...,n and ¢t >
ST

Proof: To prove Theorem 3.1 it is sufficient to analyze
the stability of the system (11).

Using Lemma 2.1, 0,(t) = 0 for t > T, , in spite of

the initial condition o, o. The motion of the system on the

manifold o, = 0 is given by

oL = _(I)pk,(UMTck) + Ok+1 fork=1,...,n—2
7@pn—1(0n71;TCn—l)'

Applying Lemma 2.1 again, 0,—1(t) = 0 for t > T, _, +
T,, , in spite of the initial condition oy,—1 0.

Assume now o, = 0, 0,1 = 0, ..., oy41 = 0, with
[l € Nand [ < n — 1. The motion on this manifold (for
t>>0 1 Te;) is given by

On—1 =

o = —CI)pk(O'k;TCk) + Ok+1 fork=1,...,1—1
d’l = —(I)pI(O'l;Tcl).

Applying Lemma 2.1 one more time, o;(t) = 0 for ¢ >
Z?:z T,, in spite of the initial condition o7 .

Then, o;(t) =0 fori=1,...,nand t > >77_ T, and
finally, from the transformation equation (8), z;(t) = 0 for
i=1,...,nand t > Z;L:lTCj.

|

D. Additional remarks

Finally, the good definition of the transformation (8) and
the controller (10) are verified.

Recall that the high order derivative % presents
a singularity at the point x = 0 (see (6), Lemma 2.2).
Hence, it is necessary to verify that the terms @y (01T

’ y y dtm,

for[,m € N, withl <n—1 and m < n—1, are well-defined
(do not present singularities at the points o; = 0), since they
appear in the transformation (8) and in the controller (10).

On the other hand, due to the nested structure of the system

(11), for o; to be zero, it must be that 0741 =0, ..., 0, =0
d™ ®p, (015Tc,)

before. Consequently, to analyze the term —FL7=—1> at

o; = 0, it is considered that the system is evolving on

the manifold (oy41,...,0,) = (0,...
according to the reduced order system

,0), i.e., it evolves

O = _(I)pk(o-k;TCk)—’_a-lﬁ*l fork=1....,1—1

. (12)
o=, (01; T¢,)-

The following lemma provides a form of the terms
dm<I>pl (o1 iTe, )
dt‘rn. .
Lemma 3.1: Letl,m e N, withli <n—1andm <n-—I.
Then, the m-th order derivative with respect to time of the
function ®,,(oy;T¢,), along the trajectories of the system

(12), has the form

qu)pl (Ul; Tcl )
- am 13
aem (13)
dz’?’q)( T)
’ O151c r
S| I = | @nlonT)™
k:N]zHEI'm j:Z?GN;’L dUlJ

where I,,, = {N,;” CN: Zj:Z;;GN’Z,L 2k = m} is the family
of Natural numbers subsets which sum m, g, = |N}"| is the
cardinal of the set N;", r;, € Nis such that m+1 = 7, + g3
and a; € R.

From Lemma 3.1, to verify
namely the absence of

the good definition,
singularities, of the terms



qu)pl (o1 %Tcl )

e in (13), it suffices to check the terms
K
d*i @, (o1;Te,) Tk
<Hj;z;.cew ) (@, (003 To))™
9,
Applying . Lemma 2.2, it follows that

szz;?eN;n %&?Taz) = By (|Ul|m) Laﬂqk(l—pz)—m with
9

qk )
Br (|loul”) = (chm) exp (qx |o]™") Hj:z;eN,;ﬂ P;;(|Ul|f)-

Tk
Let o (|oyf’) = T'jpl) exp (ri; [o1[”") B (|oul”),

therefore in (13) it can be observed that

k
4% @y, (01; Tt

2k (épz (Ul; TCz ))Tk (14)
jizkeNm do;’
— (|Ul|p) ‘0’1‘1_(m+1)pl _
Remark 3.1: Since m < n—I, the selection of p; < n%m
for [ = 0,...,n — 1 in Transformation (8) ensures its

continuity.

Remark 3.2: The continuity of all the terms in the
controller except @y, (op; T, ) is assured. The controller can
either be continuous or discontinuous depending on whether
pn < 1 or p, = 1, respectively.

IV. SIMULATION RESULTS

The simulations results of the high order predefined-time
stabilizing controller for the system (7) withn = 3, f(z) =0
and b(xz) = 1 (triple integrator system) are presented in this
section.

The simulations were conducted using the Euler
integration method, with a fundamental step size of 1 x
107 s. The initial conditions for the triple integrator system
were selected as: #(0) = [0.5 —0.3 0.9]". In addition,
the controller took the form presented in Example 3.1, with
its gains adjusted to: T,,, = 1.5, T, = 1, Ty, = 0.5, p1 = &,
p2 =7 and p3 = 1.

10 T
1 sigma1(t)
81 sigma,(t)
I 2
— 6 - _Sigmas(t)
T
5 4
2]
ol
ok
0 1 2 3 4 5
x107° time [s]
L I j
N
E 2 I
(=)
B 0 [
0 1 2 3 4 5
time [s]
Fig. 1. Transformation variables o1 (t), o2(t) and o3(¢).

10
N
0 ;;r\
L
-10
< 1
200 X, (t)
—%,(1)
-30 2
- - = Xg(t)
_40 i i i ‘
1 2 3 4 5
0.01 ; X time [e]
. '
g oh *
[
_0.01le i i i i
0 1 2 3 4 5
time [s]
Fig. 2. State variables z1(t), x2(t) and z3(t).
x10*
2
0
-2
5
-4
-6
8 i i i i
0 1 2 3 4 5
50 . time [el
50 \/
_50 i i i i
1 2 3 4 5
time [s]
Fig. 3. Control input u(t).

Note that o3(t) =0fort > 0.5s < T, = 0.5s, 02(t) =0
fort > 075 s < T, +T., = 1.5 s and o1(¢t) = 0 for
t>09s<T, +1T., +Tc, =3 s (Fig. 1). It can be noted
also that for t > 0.9 s < T, + T, + T, = 3 s (once
o1(t) = 0), z(¢f) = 0 as expected (see Fig. 2). Finally, Fig.
3 shows the control signal versus time.

V. CONCLUSIONS

In this paper a high-order controller with predefined-time
stability was introduced. As a result, the trajectories of the
controlled dynamical system are driven to the origin in a
predefined-time. The presented simulations expose the high
performance of the proposal, driving a third-order system to
its equilibrium in a defined in advance time.

APPENDIX
A. Proof of Lemma 2.2

The proof of this lemma is performed using the induction
principle over m. The following proposition provides the
first-order derivative, which will be used for the base case
(m=1).



Proposition 5.1: For x # 0, the first-order derivative of
the predefined-time stabilizing function (4) is given by

%) - %pexp<|xwp>[ [l + (1= p)] |2

With the statement of the base case, the proof is presented.
Proof: (of Lemma 2.2) The proof is done using the
induction principle.

By Proposition 5.1, (6) is valid for m = 1, with ¢} = p
and cé = 1 — p. Hence, it is assumed that (6) holds for m
and checked that it also holds for m + 1.

The m-order derivative (6) can be rewritten as

A" ®,(z;T,)

e 15
dz 15)
1 Py ps P —p—(m—1)

= —exp(|z|") P, (|z]") [z
7 exp (o) Pa(ef) Lo]
1 - D (m-1) | /.. m

= 7 exp (") Z ] IR (sign ()
¢ =0

Then, differentiating (15) it yields the m + 1 derivative
dm+1¢)p(x§Tc)

dxm+1

p 120m|x|(J 1)p—(m— 1)
7=0

1 Py
= —exp(|x
T, (J[")

— 1)) |2[97VP7™ | (sign(z))™

7=0
1 m—+1
m j—1)p— : m
= gy exp (lal”) | 30 ol (sign(a)) ™
C. j:o

= o ex (laf") P laf) o] 77

with cﬁi% = pc, c;”'H = peity +
m((j-p—(m—-1)) for ¢ = 1,...,m and
ch+1 = ¢ (—=p—(m—1)), completing the proof.
|

B. Proof of Lemma 3.1

As in the proof of Lemma 2.2, a the first-order time
derivative of the function ®,(o;;T,) is stated in the
following proposition.

Proposition 5.2: Letl € N, with [ < n—1. The derivative
of the function ®,, (0;;T¢,) with respect to time, along the
trajectories of the system (12), is given by

d®y, (O-l;TCl) _ d®y, (Ul;TCz)é_
dt T doy :
- - ((io(;ll’ e, (o1
Proof: (of Lemma 3.1) By Proposition 5.2, (13) is
valid for m = 1. In this case ; = {N{}, N} = {z{},
z% =1,a = -1, ¢ = ‘Nll] = 1 and 7y = 1. Note that
m+4+1=2=q; +1r1.

Assume now that (13) is valid for m < n —1[ and let’s see
that it also holds for m + 1. Differentiating (13) with respect
to time, it yields:

dm mH (Dpl
dthrl

k
2"
I I d ’ ‘I)pl (I)Tk
2k Dt ’

i doy’

Z:akdt

where some notation is omitted to ease the reading. Applying
the product rule, the above derivative can be expanded as

k k
d d* o, - d d*i @, .
U= o | = |5 (T == ) et
i do;’ j doy’
2k r
H A= ®p, | APy
zk

The first term can be written as follows:

k
d d*i @, -
a H z’?l (I)pf =
l

i do,’?
R S
-3 | P it
2} ki1 zf pi !
i doy iz doy

Clearly, each term of the sum has a product of ¢ derivatives
and, since we are evaluating for m+-1, the following equation

holds (m+1)— (re + 1)+ 1=m —rp +1 = g.
The second term is
dz}c (I)Pl d(I);;c dz;‘c (I)Pz d(I)Pz T
i dO’l i ; dO’l J oy

This term has a product of ¢ + 1 derivatives and, since
we are evaluating for m + 1, the following equation holds
(m+1)—rg+l=m—-rp+1+1=qp+1.

m—41
Hence, TH’” can be carried to the form (13),

completing the proof.
|
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