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Abstract: This work presents an alternative method for defining feasible joint-space bound-
aries and their corresponding geometric workspace in a planar robotic system. Instead of
relying on traditional numerical approaches that require extensive sampling and collision
detection, the proposed method constructs a continuous boundary by identifying the key
intersection points of boundary functions. The feasibility region is further refined through
centroid-based scaling, addressing singularity issues and ensuring a well-defined trajectory.
Comparative analyses demonstrate that the final robot pose and reachability depend on the
selected traversal path, highlighting the nonlinear nature of the workspace. Additionally,
an evaluation of traditional numerical methods reveals their limitations in generating
continuous boundary trajectories. The proposed approach provides a structured method
for defining feasible workspaces, improving trajectory planning in robotic systems.

Keywords: planar robot; feasible workspace; self-collision constraints; boundary functions;
trajectory planning; geometric modeling

1. Introduction

The determination of feasible workspaces in robotic manipulators presents a fundamental
challenge in robot design and control, requiring precise mathematical characterization of
operational limits while ensuring collision-free configurations. Traditional methodologies
primarily rely on numerical approaches that, although effective in estimating workspaces,
often suffer from inefficiencies and a lack precision when dealing with complex kinematic
constraints. To address these issues, this work introduces a rigorous mathematical frame-
work based on g-bound theorems, integrating geometric and kinematic constraints to
improve accuracy and computational efficiency in workspace determination.
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Several numerical methods have been extensively studied for workspace analysis,
including algorithms designed to map manipulator workspace boundaries, probabilistic
numerical analysis approaches [1], and Monte Carlo-based techniques [2]. These method-
ologies have been widely used to approximate workspace limits and singularity regions,
demonstrating effectiveness in various robotic configurations. For instance, the Monte
Carlo method proposes to enhance precision by leveraging Gaussian growth to refine
workspace estimations. However, despite improving accuracy, its reliance on iterative
random sampling limits its ability to produce continuous boundary trajectories. Similarly,
the numerical algorithms developed by Haug et al. [3] employ a continuation method to
systematically trace workspace boundaries, yet they require significant computational re-
sources, particularly for kinematically redundant manipulators. Alternative strategies have
been proposed to overcome these limitations, such as algebraic approaches for kinematic
analysis [4] and probabilistic mapping methods for workspace determination [5].

To overcome these limitations, Ref. [6] proposed a mathematical formulation to
define feasible, collision-free workspaces through boundary functions that account for both
geometric constraints and internal link interactions. This approach is particularly relevant
for mechanisms with parallelogram structures, where geometric modeling plays a crucial
role in improving workspace representation and ensuring the accurate detection of feasible
regions, thereby mitigating the inefficiencies associated with numerical sampling methods.

In addition, hybrid techniques have been explored to address workspace charac-
terization. Li et al. [1] introduced a probabilistic approximation to generate boundary
curves in workspaces; however, its dependence on randomization introduces potential
inaccuracies, especially for manipulators with complex nonlinear constraints. Meanwhile,
workspace determination methods for redundant manipulators, such as those proposed
by Ginnante et al. [7], have been developed to reduce computational redundancy, but they
often struggle to precisely define workspace boundaries when joint configurations exceed
a certain degree of redundancy.

Structural optimization techniques have also been investigated to enhance workspace
determination. Cervantes-Sanchez et al. [8] formulated workspace generation as a direct
kinematic problem, reducing computational complexity while maintaining accuracy in
identifying singularity curves. Similarly, topology optimization methods [9] have been
utilized to improve workspace efficiency, though they introduce additional complexities in
parametric system optimization. Algebraic formulations [10] further support workspace
evaluation, providing efficient solutions for robotic design in constrained environments.

Apart from geometric and numerical considerations, the feasibility of a workspace
is influenced by control strategies. The workspace observer method introduced by
Oda et al. [11] presents a robust control strategy for redundant manipulators, focusing
on real-time workspace regulation. However, such control-based approaches do not inher-
ently define feasible workspaces and must be supplemented with mathematical workspace
constraints, as examined in this study.

Alternative geometric transformations have also been proposed to tackle workspace de-
termination challenges. The coverings transformation concept, explored by Rybak et al. [12],
introduces an optimization-based method for approximating solutions to nonlinear inequal-
ities that describe workspace constraints. Likewise, numerical approaches developed for
parallel mechanisms [13] demonstrate that direct mapping techniques provide reliable
workspace estimations but often involve significant computational loads. Structural syn-
thesis methods [14] have also been introduced to systematically refine parallel robot archi-
tectures for improved workspace feasibility.
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Another challenge in workspace determination involves identifying singularity curves
and assembly configurations [8]. The characterization of singular configurations is essen-
tial for ensuring continuous, collision-free motion within the workspace, a concept that
aligns with prior findings [3] where singular points were employed to construct precise
workspace boundaries. Several studies have emphasized the role of Jacobian-based analysis
in detecting singularities, particularly in complex parallel mechanisms, as demonstrated
in [15], where a post-processing strategy was developed to improve control performance
near singularities. Further studies on parasitic motion analysis [16] have provided insights
into workspace constraints by leveraging constraint-embedded Jacobian formulations.

Furthermore, numerical ray-based methods, such as the one introduced by Ginnante
et al. [7], offer an alternative approach for defining workspace limits in kinematically
redundant manipulators. However, as noted by Ceccarelli [10], algebraic formulations
provide more efficient methods for workspace evaluation and design.

In summary, the primary contribution of this work is the introduction of a rigorous
mathematical framework for defining feasible, collision-free workspaces via the formula-
tion of boundary functions that integrate kinematic, collision avoidance, and geometric
constraints. Unlike traditional numerical methods—which rely on extensive iterative sam-
pling and often yield fragmented boundaries—the proposed approach yields continuous
and analytically tractable workspace boundaries. This study provides a clear and structured
alternative to existing methods, thereby enhancing both the theoretical understanding and
the practical efficiency of workspace determination.

To clarify the structure of the proposed methodology, a step-by-step process is followed
throughout the manuscript. First, a standardized convention is established to define
reference frames and spatial relationships in robotic manipulators. Then, a general model
is developed to identify the conditions under which two parts of a robot may come into
contact. Based on this, a set of constraints is formulated to determine whether a given robot
configuration is valid and free of collisions. These constraints are categorized and evaluated
to identify the limits of safe operation. A geometric region of feasible configurations is
then constructed and adjusted to ensure safety margins and avoid singularities. Finally,
the method is applied to a planar robot example, where different motion alternatives are
analyzed and compared.

2. Vector Labeling Standard

To ensure clarity and consistency in the mathematical formulation of the proposed
method, a structured vector labeling standard is adopted throughout this work. This
convention enables the explicit representation of positions, directions, and reference frames
involved in the kinematic chains, which are essential for formulating and evaluating
boundary functions under geometric and collision constraints.

The notation employed here is aligned with the vectorial formalism introduced in [17],
where directional vectors and reference frames are systematically labeled to support the
construction of transformation matrices and constraint expressions. This standard has been
particularly useful in the current study for expressing relative positions and orientations in
a modular and traceable manner.

A graphical representation of the labeling convention is provided in Figure 1.
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Figure 1. Graphical representation of the vector labeling standard.
The following definitions summarize the adopted labeling scheme:
A relative reference frame is denoted by
= liap Jop k =R R34 1
0ab Lap  Jab ab Yab ab  Yab € ( )

where 0, , represents the orientation and position of frame b as observed from frame
a. The matrix R, ; € R3*3 contains the orthonormal unit vectors (directional cosines)
inps jab Kop and 1, € R3*! denotes the position vector of the origin of frame b with
respect to frame 4.

When only one subscript is used, such as o,, the frame is considered to be self-
referenced. In this case, the expression corresponds to

0g = 0gn = in ja ka ra} )

where r, = 0, and R, corresponds to the canonical orientation of frame a with respect

to itself.

The vectors ig, ja, ks € R3*1 represent the directional cosines of frame 4, forming an or-

thonormal basis. Orthonormality implies that the vectors are mutually perpendicular

and of unit length.

The vectors i, j, and k are visually distinguished in illustrations using the colors red,
, and blue, respectively, as shown in Figure 1.

A position vector is represented as

10 € R, 3)

where a and b are the initial (origin) and the terminal (destination) points of the vector,
respectively, while c is the observer frame from which the vector is expressed.

The notation r(:)b is interpreted as “the vector that connects the frame a to b, observed
from frame c”. If the observer frame is omitted, it is assumed that all vectors are
observed in a common reference frame.

When only one subscript is provided, such as r,, the vector is interpreted as being
self-referenced, i.e., 1, 5, which by convention is equal to the zero vector:

o O

(4)

Y, =Yg =

o
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5. If all vectors are expressed with respect to a common observer, the superscript ¢ may
be omitted for simplicity.

6. A kinematic chain is defined as an ordered sequence of reference frames that are
linked by physical or geometric constraints. The relation between frames is denoted
by the precedence operator:

a<b<cg (5)

which indicates that frame a precedes frame b, and frame b precedes frame c in the
kinematic structure.

7. Subscripts a, b, and ¢ may represent alphanumeric labels associated with a kinematic
sequence and are not limited to numeric indices.

8.  The Cartesian components of a vector are denoted as x, 5, Y4 b, Zap € R.

9.  The canonical orientation of a frame with respect to itself is defined as

@ (Y @ | w 0
ip =ip= (0], Ja = Ja = 1, ki=ks=|0]. (6)
0 0 1

This is referred to as the canonical orientation or canonical convention.
10. Directional cosines of a frame b, as observed from frame 4, are defined as

ip x b x k
5 ,(ba’> @ _ ]<ba) W _ @ )
Iy = iy |7 b = oy |” T fkey |

(a) () (a)

Zb,z ]b,z kb,z

11.  The unit vector corresponding to r, , is expressed as

Tap
14,1l

U,p = (8)

This convention supports a rigorous and scalable construction of geometric constraints
and kinematic relationships and has been applied throughout this manuscript to express
boundary functions and configuration-dependent vector equations in a concise and inter-
pretable form.

3. Theoretical Framework and Methodology

This section presents the theoretical framework and methodology for analyzing kine-
matic configurations and constraints in robotic manipulators. To ensure clarity in notation,
vectors in R® will be represented as r, while rotation matrices in R3* will be denoted as R.
Mathematical conditions are derived to prevent internal collisions, forming the basis for
defining feasible workspaces across robotic systems.

In the context of kinematic chains for robotic manipulators, each link is represented
as a set of points. The principal nodes a and b define the positions of the joints that
connect one link to the next. Any point on the current link can be labeled as a + 1, where n
denotes the index of the point relative to the node a. Similarly, the node b connects to the
subsequent link, and its points are labeled as b + m. The purpose of this work is to establish
the conditions under which a collision occurs between a point a + n on the current link
and a point b 4 m on the subsequent link. An example of this kinematic configuration is
illustrated in Figure 2.
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Bij(q) =

>0,
<0,

To describe the feasible workspace, we define a family of boundary functions denoted
as Bi(q) = [Bi1(q), Bi2(q), Bis(q)]" € R, where each scalar function f;j(q) evaluates
the feasibility of the manipulator’s configuration q = [q1,42,---,qx] € R" with respect to
specific constraints.

Each scalar component f; ;(q) is interpreted as

if the evaluated point lies exactly on the boundary of the feasible workspace,
if the configuration lies within the feasible region, 9)

if the configuration lies outside the feasible region.

In addition, each boundary function component may be bounded using a three-index
notation f; j x, where the following are defined:

i indicates the index of the boundary function;

j refers to the vector component (e.g., x, y, or z);

k € {1,2} denotes the type of bound: 1 for the upper (right) bound and 2 for the lower
(left) bound.

These functions encapsulate three main types of constraints:

¢  Kinematic Constraints: These ensure that the joint variables respect their operational
limits:
gt <gq; < g™, Vied{l,...,n}. (10)

e Collision Avoidance Constraints: These prevent intersections between links by re-
quiring a minimum separation distance dp,i, between key points on different bodies:

Hra+n,h+m | > dmin- (11)

*  Geometric Constraints: These define the external spatial boundaries of the workspace
imposed by the robot’s design or environment:

Xmin < X < Xmax, Ymin < y < Ymax, Zmin <z < Zmax- (12)

To organize these constraints, we distinguish between two categories of boundary
functions:

* Point Boundary Functions, which evaluate spatial relationships between pairs of
points (e.g., potential contact or collision points between links). These are typically
defined through vector differences between transformed local positions and used to
ensure separation between mechanical components.

¢  Geometric Boundary Functions, which impose spatial limits on the manipulator’s
motion by constraining the position of specific links or end effectors relative to prede-
fined geometric boundaries. These are often formulated using projection matrices and
fixed spatial references.

Using these definitions, the boundary functions serve as mathematical tools for system-
atically evaluating whether a given configuration q satisfies the required motion constraints
while remaining within a collision-free, feasible workspace.

The first step in ensuring that the manipulator operates safely and within a feasible
workspace is to define the mathematical conditions under which collisions between links oc-
cur. These conditions are crucial for analyzing and understanding the interactions between
the kinematic elements of the manipulator. The subsequent collision model generalizes
these conditions, providing a foundational framework for identifying all potential collision
scenarios. Finally, these generalized insights are used to construct boundary functions,
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which incorporate kinematic, collision avoidance, and geometric constraints to define the
feasible workspace free of collisions.

Figure 2. Illustration of a kinematic chain is presented as a simplified example of a planar robot. The
nodes a and b indicate the joint positions connecting consecutive links, while the points a + n and
b + m are identified as collision points between adjacent links.

To formalize the analysis, the following theorem generalizes the collision model for
points within a kinematic chain.

Theorem 1. Let the kinematic chain 0 < a < a+n < b < b+ m be defined, where 0 represents
the base system, a and b are systems with variable position and orientation relative to each other,
and a + n and b + m denote points with constant position and orientation within their respective
local systems a and b.

A collision between the points a + n and b + m is said to occur if and only if the relative vector
between these points equals a null vector:

Yotnb+m = 0, (13)

wherein this condition is equivalent to the norm of the relative vector being null:

[Xasnbmll =0, (14)

and under this condition, the relative position between the points is expressed as

Yainptm = Yab T Rap Yo prm — Yaatn, (15)

where R, , € R3*3 is the rotation matrix that transforms the coordinates from b toa, v, € R3
represents the relative position vector between a and b, 4 4+n € R3 denotes the local position of
a+ n relative to a, and ty ., € R refers to the local position of b+ m relative to b. The condition
for collision can also be expressed in terms of the boundary function B(q) € R3, which depends on
the joint variables q. This boundary function is defined as

B(q) =1top + Rop - Thpim — Taatn (16)

A collision occurs if and only if
B(q) =0. (17)
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The collision condition implies that all components of the vector t,,, ., are null, ensuring
the positional coincidence of the points involved.

Proof of Theorem 1. To derive the condition for a collision, we begin with the general
formula for relative positions in a kinematic chain:

Top =Tap1+ Rop1-Tp_1p, (18)

where 1, is the relative vector between systems a and b, r,;_; is the vector between a
and b — 1, r,_1 j, is the vector between b — 1 and b, and R, ;_; is the rotation matrix that
transforms coordinates from b — 1 to a. While this relationship can be recursively extended
for longer chains, we focus here on the consecutive points a + n and b + m for simplicity.

The relative position between a + n and b 4 m can be expressed as the difference
between their global positions:

Yotnb+m = Y0,b4+m — Y0,a+n- (19)

Using the transformations for global positions, we write

Y0,04+n = Y00 + Roa * Yaatn, (20)

10,h+m = Yo + Rop  Topim: (21)
Substituting these expressions into the relative position equation yields
Yotnb+m = (rO,b + RO,b : rb,b+m) - (rO,a + Roz - ra,a+n>~ (22)
Simplifying this expression, we have
Toinbim = (Fop —T0,4) + Rop - Tpprm — Roa - Toatn- (23)
Recognizing that R ; can be rewritten as Ro, - R, , we substitute and simplify to yield
Yotpnbtm = Roa - Tap +Roa - Rap o pim — Roa - Taatn- (24)
Factoring out Ry ,, we obtain
Yotnb+m = Ro,q - (ra,b + Ra,b Ty b4m — ra,a+n)~ (25)

The collision condition 1, ,, j+,, = 0 implies that the term in parentheses must also be
null and defined as follows:

Top+ Rap Yo pim — Yaa+n = 0. (26)

We now define the boundary function B;(q) that encapsulates the condition for colli-
sion in terms of the joint variables q:

Bi(q) = tap + Rap * Toprm — Tantn- (27)
Thus, a collision occurs if and only if

Bi(q) =0. (28)
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This formulation ensures that the collision condition is expressed as a function of the
joint variables, linking the geometry of the system to the kinematic configuration. Since the
null vector ensures positional coincidence, the theorem is validated. [

Note that this approach facilitates a straightforward implementation of collision checks
and the definition of boundaries, which are critical in the modeling of feasible workspaces
and the optimization of manipulator trajectories. A significant simplification is achieved in
the analysis of relative kinematic chains by avoiding the inherent complexity associated
with homogeneous transformations and the Denavit-Hartenberg (DH) formalism. By
focusing exclusively on the geometric relationships between consecutive systems, the
need for complete transformation matrices is eliminated. Consequently, a more intuitive
and computationally efficient model is provided, which is particularly advantageous in
scenarios requiring rapid calculations and analytical clarity.

Case Study: Planar Robot

The planar robot was analyzed as a case study to illustrate the kinematic and collision
constraints in robotic manipulators. Its structure consists of a two-degree-of-freedom mech-
anism, where g1 and g, correspond to rotations about the y axis. This configuration allows
for a simplified representation of kinematic interactions while preserving essential charac-
teristics for evaluating workspace feasibility and self-collision conditions. Figure 2 presents
an isometric view of the robot, depicting its geometric arrangement and joint distribution.

This model is particularly useful for demonstrating the role of boundary conditions
in defining feasible workspaces. The kinematic relationships between its links provide
a structured approach for verifying self-collision criteria, as they depend on the relative
positioning of consecutive elements in the manipulator’s chain. In this context, the feasible
workspace is determined by considering the relative position vector between key reference
points along the structure.

The kinematic chain of the planar robot, depicted in Figure 3, provides a structured
representation of the positional relationships and rotational axes of its joints. The degrees
of freedom are defined as follows:

*  4;: Represents a rotational motion about the y axis at the base.
*  gy: Represents an additional rotation about the y axis at the second joint, determining
the final positioning of the end effector.

By formulating the manipulator’s motion in terms of relative position vectors and
transformation matrices, it is possible to define a set of constraints that delineate the bound-
ary of the feasible workspace. The self-collision condition is verified through a function
that depends on the joint variables q, ensuring that the relative displacement between
reference points remains within allowable limits. The analysis of this system provides
insight into the general methodology used to evaluate collision-free trajectories in robotic
mechanisms. To support this analysis, Table 1 presents the geometric parameters that define
the relative positioning of the robot’s joints, while Table 2 details the recursive formulation
of the direct kinematics equations, describing the position and orientation of each joint in
terms of preceding transformations.
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Figure 3. Representation of the kinematic chain for MinervaBotV2.
Table 1. Geometric offsets of planar robot.
Frames Connected Parameter Symbol Value (cm)
0p < 01 Offset z (Base to Joint 1) 20,1 22.5
01 < 02 Offset z (Joint 1 to Joint 2) Z12 25.98
01 <0y Offset x (Joint 1 to Joint 2) X12 15
0y < 03 Offset x (Joint 2 to Joint 3) X23 25
Table 2. Direct kinematics equations in recursive notation.
Point Position Vector Matrix Orientation
10,0 o o o Roo I
T
o1 [0 0 ZO,l] RO,l Ry (’11)
T
2 (X120 0 21,21_ Ry Ry(q2)
123 [leg, 0 0] R2,3 I
102 ro,1 + Ro111,2 Rop RoaR1,2
103 102 + Ropros Ros Ro2Rz3

4. Boundary Functions for Workspace Definition

The feasible workspace of the planar robot is determined by analyzing its geometric
and kinematic constraints. To accurately characterize this workspace, boundary functions
are derived to define the permissible motion range while preventing self-collisions. These
functions capture the spatial relationships imposed by the robot’s structure, joint limits,
and possible internal interferences. The formulation of these boundary conditions is guided
by the theoretical framework established in Theorem 1, which provides the necessary
conditions for detecting collisions within the kinematic chain. However, this theorem is
not the sole tool employed in the analysis. Additional kinematic formulations, geometric
considerations, and spatial transformations are integrated to comprehensively define the
feasible workspace. The combination of these methods ensures a robust characterization of
motion constraints, allowing for a detailed evaluation of collision-free configurations.

To systematically define these constraints, four tables are presented, each illustrating
the computation of boundary functions along with a diagram marking critical collision
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B1,1
P13
P21
B2,3
B3
B33
Baa
Pas
Bs1
Bea
B73

points in the planar robot. These functions correspond to what are referred to as point
boundary functions, where each function §; ; represents a specific constraint associated
with a given collision point. In this type of boundary function, all components indexed by j
must be satisfied simultaneously to confirm the occurrence of a collision. This simultaneous
fulfillment is necessary because each B, ; corresponds to a different coordinate component,
meaning that the collision is only valid when the spatial conditions for all coordinates
hold true at the same time. By enforcing these constraints, it is possible to determine
precise conditions under which the manipulator self-intersects at distinct locations in its
configuration space.

In addition to these point boundary functions, a final table is included to introduce
a different category of constraints known as geometric boundary functions. Unlike point
boundary functions, these functions do not necessarily require all components to be satisfied
simultaneously, as they do not define collisions at a discrete location but rather establish
broader geometric constraints. Geometric boundary functions define spatial limits that the
manipulator must respect, preventing it from exceeding predefined regions in its workspace.
Since these constraints refer to entire geometric boundaries rather than discrete points,
the conditions imposed by each function may be satisfied independently. This distinction
highlights the difference between collision detection at specific points and the enforcement
of global geometric restrictions that ensure safe operation.

The tables presenting the first four point boundary functions are labeled as Tables 3 and 4.
The final table, labeled as Table 5, provides the geometric boundary functions that define
broader workspace constraints. Together, these boundary functions offer a structured method
for computing the complete feasible workspace, ensuring that the manipulator operates within
a collision-free region while supporting trajectory planning and operational reliability.

The boundary functions obtained from the previous analysis are presented as follows,
encapsulating the constraints derived from the kinematic and geometric relationships of
the planar robot. These functions define the conditions that must be satisfied to ensure
a collision-free workspace while maintaining the feasible motion range of the manipulator,
and they are presented below:

= x17¢0s(q1) — X6 + z17sin(q1),

= 20,1 — 20,6 + 21,7 c0s(q1) — x1,7sin(q1),
= x19¢0s(q1) — X8 + z19in(q1),

= 20,1 — 20,8 + 21,9 €0s(q1) — x1,98in(q1),
= Xx1,2 — X1,10 + X2,11 €08(42) + 22,11 sin(q2
= 212 — 21,10 + 22,11 €08(q2) — X211 sin(q2
= X1,2 — X112 + X2,13 €08(q2) + 22,13 5in(42),

= 212 — 21,12 + 22,13 €0s(q2) — x2,13 5in(q2),

= x3(cos(q1) cos(q2) — sin(q1) sin(42)) — Xmin,1 + X122 cOs(q1) + 21,2 5in(q1),
= x2,3(cos(q1) cos(g2) — sin(gq) sin(g2)) — Xmin2 + X12 cos(q1) + z1 2 sin(q1),

= 20,1 — Zmin,1 — X2,3 (COS(ql) Sin(&]z) + COS(qz) Sil‘l(ql)) +z1 COS(ql) —X12 sin(ql).

),
) (29)

To further characterize the motion constraints imposed by these boundary functions,
the next step involves defining upper and lower bounds for each function. These bounds,
denoted as B, x, represent the k-th constraint imposed on the j-th component of the bound-
ary function associated with the i-th collision condition. By establishing these bounds, the
feasible motion range of the planar robot is precisely quantified, ensuring a structured
approach to workspace determination.
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Table 3. Point boundary functions 1, 2, and 3.

Graphic Geometric Offsets and Boundary Functions
03
T T
\ Xo6 = 7.5cm, zpe = 12.5cm.
x17=11.5cm, z;7 =491lcm.
X0,6 X1,7
// .‘ 106 — o, ry; = 0
r-\ 4.91‘(:11\ 20'6 21’7
\ \ W % ! 11.50cm *
o6 Bi(q) = 101 + Ro111,7 — 106,
;/ .
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Table 4. Point boundary function 4.

By(q) =112 + Ripr213 — 11,12,

Graphic Geometric Offsets and Boundary Functions
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Table 5. Geometric boundary functions 5, 6, and 7.
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Several of the boundary functions obtained in the analysis are expressed as linear
combinations of cosine and sine terms. Therefore, it is necessary to establish a general
method for determining the range of values that the variable g can assume while satisfying
these constraints. The following theorem provides an explicit formulation for these bounds,
enabling a systematic computation of the feasible joint configurations.

Theorem 2. Given the equation of the form

acos(q) +bsin(q) = ¢, (30)
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where a, b, and c are real numbers, and q is the unknown variable to be determined, it follows that
the solution for q is bounded by

b c
< -1(Y -1
g < tan (g) + cos (a2 b2> + 27k,

(31)
> tan ! (b) —cos ! (C> + 2k — 27
7= a Va2 + b2 ’
where k € Z accounts for the periodic nature of the trigonometric functions.
Proof of Theorem 2. The given equation
acos(q) +bsin(q) = ¢, (32)
is rewritten using the trigonometric identity
dcos(q—0) =c¢, (33)

where d and 0 are defined as
d= ‘/ﬂz + b21 0 = tan_l (Z), (34)
by dividing both sides of the equation by 4, it follows that
c
cos(qg—0) = 7 (35)

. . c . .
for real solutions to exist, the term P must satisfy the condition

Ul

taking the inverse cosine function on both sides, the expression

g—0= +cos™! (%) +2nk ke€Z, (37)

is obtained. Solving for g, the result is

b c
— -1(Z =15
g = tan <a> + cos (d) + 27k, (38)

thus, it is concluded that g is bounded by

b c b c
(2 1(¢ << (2 1(¢
tan <a> + cos ( ) + 2k —2m < g < tan <a> + cos ( ) +2rk,  (39)

this completes the proof. [J

The upper and lower bounds for each boundary function are defined in Table 6. These
bounds are established to determine the feasible range within which the functions operate,
ensuring consistency in constraint evaluation. The right-bounded functions correspond to
the upper limits, whereas the left-bounded functions define the lower limits, allowing for
a comprehensive characterization of the solution space.
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Table 6. Boundary function bounds.

Right-Bounded Function

Left-Bounded Function

_1(z _ X > > _ X _1/( =z
B111 = tan~! (%) +cos | —=— =0 = Brip =cos | —=2— | +tan~! (é;) -2
, V¥ 2, VX7t ’
1 —x _ Z01—2 > > _1( —x _ Z01—2
Bis1 = 7T+ tan™! (T 1'7) —cos 1| SLlX06 =M= Bi3y=—m+tan"! (T 17) —cos | S 206
v \/ Xtz L7 N
_1(z _ X > > _ X _1/( =z
Bo1y = tan~! (xl—g) +cos | =~ =0 = Boip =cos ! | —=2— | +tan~! <x19> -2
19 \V¥19 219 \/¥19 %19 19
_1( —x _ Z01—2 > > _1/( —x _ Z01—2
:32,3,1 = +tan"! (72 1’9) —cos 1 2208 Zmn=z ,32,3,2 = —7 + tan l( z 19) —cos~! 0,1—208
v \/ Rotzig 19 VAot
_ _ — > > _1(z _ X12—X
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’ n X2,3
_ —1 ( x1,2€08(q1) —¥min2+%1,2 8in(q1) Por2 = .
Be,1,1 = 7T —q1 — cos ( Y 2022 a1 — 77 — cos— 1 12905(81) = Ymin2 +212 sm(ql))
’ 7 X2,3
i1 (201 —Zmina 21,2 c08(g1) —X12 sin(q1) Pr32 = .
,37,3,1 = sin ( — X -1 242> -1 ( 20,1~ Zmin,1 21,2 €08(q1) —X12 5in(q1)
23 —qp — T —sin 23

Figure 4 illustrates the graphical representation of the boundary functions. The red
lines correspond to functions that are not considered in the construction of the feasible
region, whereas the cyan lines represent the functions that define this region.

27 |
: B131
37” L | Ba12
| B332
ﬁ4‘1,2 —
g \& /JI\ Brsa |
Br32

Feasible
Joint Slpace

q2

3

Figure 4. Graphical representation of the boundary functions. Red lines indicate functions that

|
¥
R

|
[\

3

|
NIy

are not considered in defining the feasible region, while cyan lines represent the functions used to
construct it. The selected feasible region is determined by the boundary functions B131, B2,12, B3.3,2,

B2, Br31,and B735.
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Although multiple feasible regions exist, reaching them from the home pose of the
planar robot would require crossing or making contact with boundary functions, which
would impose constraints on the motion. For this reason, the selection of the feasible region
shown in the figure is justified.

As observed in Figure 4, the presence of multiple boundary functions complicates
the identification of a unique solution. However, a feasible region can be constructed by
identifying the intersection points of the selected boundary functions, forming a continuous
boundary, as illustrated in Figure 5. This boundary is defined by six intersection points.

2 ! \ | >
I 13,1
2! | D3 B2
i Bs32
I B2
| Br31
0 N M g 37.3.2K
Bounds uns%xtisﬁed —
Ps |
Q@ |
| P2
|
_T |
? |
< Bounds unsatisfied |
|
|
Pe | D1
t
_r . JaN| .
o -3 0

al
Figure 5. Construction of the feasible region by identifying the intersection points of the selected
boundary functions. The continuous boundary is formed by six intersection points, ensuring
a well-defined feasible area for the robot’s motion.

Nevertheless, the nonlinearities of certain functions prevent their respective constraints
from being fully satisfied. This issue can be addressed through two possible approaches.
The first approach involves incorporating additional tangent points along the sections
of the functions where the constraints are not met. The second approach, as depicted in
Figure 6, consists of computing the centroid of the feasible region and scaling it with respect
to this point.

2 | _\ | 3
i 13,1
| B2
i i 3 Bs3.2
| ﬂ4.1.2
| Br31
0 N S A g4——— ﬁm,zK
Bounds s%utisﬁed >
|
') 5 .
x Centlhnd ,
|
_ g :
< Bounds satisfied |
|
|
\—L6 ] L Pt
T
o \ AN !
- - 0 :
Q1

Figure 6. Scaling of the feasible region with respect to its centroid. This approach ensures that the
boundary functions do not directly imply collision while introducing a safety margin for the robot’s
operation. The scaling factor acts as a safeguard to maintain a collision-free workspace.
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The latter approach also resolves an additional issue: while the boundary functions
define the safe region, they inherently imply potential collisions. By applying a scaling
factor, a safety margin is introduced between the robot and the boundary functions. This
scaling coefficient acts as a safety factor, ensuring a collision-free operational space.

Figure 6 not only presents the closed and continuous boundary of the joint limits
but also proposes a sequence for traversing these limits. However, Figure 7 illustrates the
trajectory of these six intersection points in the geometric space, along with a simplified
diagram of the planar robot in its final pose after completing the trajectory. It is important
to note that, although Figure 6 defines an ordered sequence for the boundary traversal, this
does not inherently guarantee a structured or sequential trajectory in the geometric space.

60cm -

50cm

T

T

40cm

z 30cm

20cm +

10cm

T

! | )

Ocm L L LU
60cm 40cm 20cm Ocm —20cm —40cm  —60cm

T

Figure 7. Trajectory of the six intersection points in the geometric space, including the simplified
diagram of the planar robot in its final pose.

Figure 8 presents two plots. The first illustrates a nonclosed sequence of five points,
while the second depicts the simplified diagram of the planar robot in its final pose after
completing the trajectory. In this case, the trajectory is structured but remains open.

80cm
70cm +
— Bis1 cm
B212
B33,2 60cm -
_61.1.2
B
Broa) - 50cm |
z 40cm +
2 30cm
x Cen:troid
< Bounds satisfied | 20cm
|
I 10cm +
y2! | 5 X
/\; Ocm L . % . . j
-z 0 z 60cm 40cm 20cm Ocm —20cm  —40cm  —60cm
a1 z

Figure 8. Nonclosed trajectory consisting of five points. The first plot represents the joint space
sequence, while the second illustrates the planar robot in its final pose after completing the trajectory.
Despite following an ordered sequence, the trajectory remains open.

This phenomenon can be explained as follows: the workspace with the greatest reach is
directly linked to the robot’s links when they become collinear. However, this configuration
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results in a joint singularity. This issue was indirectly resolved by scaling the feasible joint
region with respect to its centroid, ensuring a structured path.

As a result, two distinct approaches exist for traversing the feasible geometric space
along the right or the left side. This choice determines the final pose of the robot as well as
its reach. Due to the limited workspace, the final link cannot transition to its mirrored pose
within the same trajectory.

This second alternative is illustrated in Figure 9, which contains two plots. The
first represents a joint trajectory consisting of five points, while the second shows the
corresponding geometric trajectory. These paths are opposite to those presented in Figure 8.

T 80cm
2 |
— B
Bo,1,2 70cm -
Ps P332
—— B2 60cm |-
Br31
[0 N S S (N Brazk - 50
. 50cm
Boggekpfied —
z 40cm +
3
| 30cm
,g :
< Bounds satisfied | 20cm +
|
P : 10cm +
! o
| .
- I AN ! Ocm . - B ' ‘ '
T -z 0 z 60cm 40cm 20cm Ocm —20cm  —40cm —60cm
qQ T

Figure 9. Alternative feasible trajectory. The first plot depicts a five-point joint space path, while the
second shows its corresponding geometric trajectory.

The feasible geometric regions from Figures 8 and 9 are overlaid in Figure 10. Notably,
these regions do not exhibit symmetry, which is a result of the scaling applied relative to
the centroid and the nonlinear properties inherent to the trajectory.

80cm !
70cm
60cm -
50cm
z 40cm
30cm
20cm

10cm

Ocm L _ L - L -
60cm 40cm 20cm Ocm —20cm —40cm  —60cm
x

Figure 10. Overlay of the feasible geometric regions from Figures 8 and 9, highlighting their asymme-
try due to centroid-based scaling and trajectory nonlinearities.

Figure 10 highlights the application of traditional numerical methods for solving this
type of problem. Initially, a set of n random joint variables was generated. Following
a conventional approach, each detected collision was marked with a red point, while
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ol

q2

ol

noncolliding configurations were represented by blue points. These methods, however,
entail a high computational cost and do not produce a continuous boundary trajectory in
the joint space. Their efficiency is directly dependent on the volume of analyzed data.

Figure 11 presents two plots from this experiment: the first in the joint space and the
second in the geometric space. In the latter, overlapping regions containing both collisions
and noncollisions can be observed. This phenomenon is associated with the poses and
trajectory patterns described in Figures 8 and 9. Additionally, the lateral shapes of the
geometric workspace, as seen in Figure 7, are also visible.

80cm -

70cm
60cm
50cm
40cm
30cm

z  20cm
10cm
Ocm
—10cm
—20cm
—30cm

—40cm L 1 1 L L |

60cm 40cm 20cm Ocm —20cm —40cm  —60cm

Figure 11. Numerical collision detection results. The first plot shows joint space sampling with red
points for collisions and blue points for noncollisions. The second plot illustrates the corresponding
geometric space, highlighting overlapping regions and the lateral shapes of the feasible workspace.

Although the methodology presented in this work is exemplified using rotational
joints in planar mechanisms, the proposed boundary function formulation is not limited
to revolute joints. In the case of translational (prismatic) joints, the joint variable g; affects
the position vectors linearly instead of trigonometrically. As a result, the same structure
of boundary functions B;;(q) remains applicable, and the constraints reduce to affine
relationships in the configuration space.

Building on this foundation, the method is being extended to more complex manipu-
lator configurations. Its applicability to spatial mechanisms, including those incorporating
hybrid kinematic structures and parallelogram-based linkages, is currently under investi-
gation. In such cases, boundary functions defined as §; ;(q) = 0 represent implicit hyper-
surfaces in high-dimensional configuration spaces. These surfaces can be visualized using
established computational techniques, such as isosurface extraction (e.g., marching cubes
or adaptive grid subdivision), which are suitable for feasibility analysis in spatial domains.

To maintain computational efficiency, the evaluation of boundary functions can be
restricted to lower-dimensional joint subspaces or slices, avoiding the need for exhaustive
random sampling. In this way, the deterministic and symbolic character of the formula-
tion is preserved while enabling scalability to more complex robotic systems. Moreover,
data-driven parameterization of boundary surfaces is currently being explored as part of
a broader strategy to generalize the framework while retaining its analytical structure.

5. Conclusions

This study introduced a structured mathematical framework for defining feasible
joint-space boundaries and their corresponding geometric workspaces through the formu-
lation of boundary functions B;;(q). Unlike traditional numerical methods that rely on
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extensive sampling and collision detection, the proposed approach constructs continuous
workspace boundaries by identifying and connecting critical intersection points derived
from geometric and kinematic constraints. The boundary function formulation provides an
explicit representation of geometric and collision constraints, offering analytical insights
that complement existing numerical approaches.

The effectiveness of the methodology was demonstrated using a planar robot case
study, showing how the feasible joint-space region can be scaled with respect to its centroid
to resolve singularities and generate structured trajectories. The analysis of different
traversal paths revealed that the final pose and reachability of the manipulator are highly
dependent on the selected trajectory and that such paths are generally asymmetric due
to the inherent nonlinearities of the system and the scaling process. This formulation
contrasts with traditional numerical approaches by offering an explicit, constraint-driven
modeling alternative.

A broader set of applications is being investigated in a subsequent study, in which
the present formulation serves as the mathematical foundation. In particular, the exten-
sion to spatial manipulators and hybrid architectures is being considered, incorporating
data-driven parameterization and visualization of boundary surfaces to support higher-
dimensional configurations. These developments build upon the theoretical contributions
introduced in this work, establishing a foundation for generalizing the proposed method
to a wider class of robotic systems.
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