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ABSTRACT

In this groundbreaking work, we unveil |[terative Covering Array Feature |
| Selection (ICAFS)|, an innovative wavelength selection algorithm that
seamlessly integrates the powerful architecture of [covering arrays (CA)|
This method emerges as a pioneering extension of |covering array Feature |
| Selection (CAFS)| designed to revolutionize and expand upon an
indispensable tool for high-dimensional chemometrics applications.
Consequently, in chapter 1, we will meticulously outline both the
overarching and specific objectives associated with [CAFS] alongside the
pivotal hypotheses we aim to validate and the pressing need for this novel
approach in analyzing foodstuff hyperspectral images. Moving forward, in
chapter 2, we delve into the fundamental theory essential for grasping this
forward-thinking proposal, with a comprehensive review of concepts such as
ffeature selection (FS)| lcovering arrays), [[n-Parameter-Order (IPO)| [Binary |
| Bat Algorithm (BBA)| and [[n-Parameter-Order General (IPOG)| This
robust framework serves as the cornerstone for the ambitious goals we
intend to achieve. In chapter 3, we conduct a thorough examination of the
current state of the art concerning [covering arrays| and [feature selection|.
Subsequently, in chapter 4, we detail the meticulous methodology
employed to validate [CAFS], which includes an exhaustive comparative
analysis among [BBA] and [CAFS]| Following this, chapter 5 will showcase
the results obtained in the preceding chapter, while also expanding on the
current work through rigorous performance testing and introducing [CAFS|
to public benchmark challenge to discover the optimal interaction parameter
t. Finally, in chapter 6, we offer our concluding insights along with
potential future directions this transformative methodology might pursue.




RESUMEN

En este trabajo innovador, se presenta [[terative Covering Array Feature |
[ Selection] un algoritmo innovador de seleccion de bandas que integra la
poderosa arquitectura de |covering arrays. Este método surge como una
extension pionera de |covering array Feature Selection) disenado para
revolucionar y expandir una herramienta indispensable para aplicaciones de

quimiometria de alta dimensiéon. En consecuencia, en capitulo 1, se
detalla meticulosamente tanto los objetivos generales como los especificos
asociados con |[terative Covering Array Feature Selection| junto con las
hipotesis clave que se busca validar y la justificacion en el analisis de

imagenes hiperespectrales de alimentos. Avanzando, en capitulo 2, se
expande en la teoria fundamental esencial para comprender esta propuesta
innovadora, con una revision exhaustiva de conceptos como
| selection|], |covering arrays| (In-Parameter-Order| [Binary Bat Algorithm)|y
IIn-Parameter-Order Generall Este marco sélido sirve como la piedra
angular para los ambiciosos objetivos que se buscan alcanzar. En capitulo
3, realizamos un anélisis exhaustivo del estado del arte actual en relacion

con [covering arrays| y [teature selection| Posteriormente, para el capitulo
4, detallamos la metodologia meticulosa empleada para validar
| Covering Array Feature Selection|, que incluye un analisis comparativo

exhaustivo entre |[Binary Bat Algorithm|y |covering array Feature Selection|
A continuacion, capitulo 5 mostrara los resultados obtenidos en el capitulo

anterior, al mismo tiempo que amplia el trabajo actual mediante pruebas
de rendimiento rigurosas e introduce |[terative Covering Array Feature |

a problemas fuera del campo de quimiometria para descubrir el
parametro de interaccion 6ptimo ¢. Finalmente, en capitulo 6, se ofrecen

los puntos de vista concluyentes junto con las posibles direcciones futuras

que esta metodologia podria seguir.
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1. INTRODUCTION

Overview: This chapter presents the objective that establishes the foundational
basis for the ICAFS method, outlines the primary focus of the research, and
introduces its intended application.



1.1 Background

Chemometric methods are typically employed to analyze food composition, aiming to
automate and improve critical operations that include food authenticity [1], agriculture
processing |2|, ripeness classification [3|, [4] and other related applications. In this context,
hyperspectral imagery is commonly used to extract food properties that are undetectable
within the visible spectrum, offering multiple measurements per sample. However, this
comes at the cost of increased computational complexity during analysis. In order to
reduce such computational complexity, feature selection methods are commonly applied
to select relevant wavelengths for the application.

The role of wavelengths selection in chemometrics is substantiated: Anzanello and Fogli-
atto [5] posit that the presence of numerous predictors in chemometrics and industrial
measurement may significantly complicate inferential analysis. As an illustration, wave-
length selection has been applied for the detection of honey adulteration [6], the quality
evaluation of camellia oleifera seeds |7, the classification of cacao varieties [§], among
others |9]. Thus, the selection of wavelengths involves identifying the most relevant wave-
lengths for a particular application.

Wavelength selection represents a specialization within the domain of Feature Selection,
specifically tailored to spectral data. Despite the absence of foundational literature ex-
plicitly addressing this concept; for example, Leardi, Boggia, and Terrile [10] in 1992 on
the Journal of Chemometrics proposed an innovative Genetic Algorithm for
tion and Aratjo, Saldanha, Galvao, et al. [11] Aradjo and Saldanha articulated in their
work from the early 2000’s that the selection of spectrum wavelengths from chemometric
measurements is really important, especially when the pronounced spectral data exhibit
overlapping wavelengths or lack distinctive features, thereby underscoring the necessity
for robust wavelength selection methods.

Therefore, the need for wavelength selection techniques is crucial in this domain. For
example, nature-inspired algorithms, particularly those that emphasize wrapper methods
for feature selection, are explored in [12], or even [covering arrays| Wrapper Methods in [§|,
[13], [14]. In filters, one can find recent methods such as the maximum dual interaction
and maximum feature relevance 15| or the repeated elastic net technique [16], whereas
for embedded methods, a decision trees algorithm that embeds [feature selection| on the
model construction utilizing statistical concepts such as Gini-Index [17].

Although feature selection is extensively addressed within this study, the primary focus
is not to provide a generalized framework, but rather a specialized tool for wavelength
selection substantiated on the extensive analysis of high-dimensional chemometrics Appli-
cations through the extension of work done by Castro et al. [8]; proposing an enhancement
of CAFS while concurrently extending its applicability to the broader chemometrics com-

munity. Such enhancement will be called [CAFS]



1.2 Justification

The study of feature selection algorithms has been extensively explored, as evidenced
by previous research [18|, which expanded the understanding of feature relevance and
introduced several prominent categories for feature selection. Furthermore, Sklearn [19|
provides a comprehensive evaluation of widely recognized algorithms for generic prob-
lems, alongside the many methodologies proposed in the state-of-the-art by various re-
searchers. However, wavelength selection methods rigorously tested on high-dimensional
chemometrics applications are not sufficiently explored. Consequently, practitioners and
researchers remain uncertain and overwhelmed by the many existing tools on different
categories that can be applied for chemometrics. Therefore, the primary rationale for
extending [CAFS| to [CAFS| is to present a well-validated tool for wavelength selection.

1.3 Problem Statement

was introduced to decrease the number of wavelengths in a high-dimensional task
that involves the classification of six Amazonian cacao varieties using a range of wave-
lengths within the NIR spectrum. The study thoroughly elucidates the methodologies
used for the extraction of each observation. is based on [covering arrays| [20] to
model the interactions between the available wavelengths in the dataset. The result of
this interaction is a binary matrix, where each row represents a subset of selected wave-
lengths. Once a subset of features, deemed optimal, was selected, the matrix was halved
to correspond to the new subset of wavelengths. However, the interaction among the new
wavelengths was compromised, preventing the assurance of a novel interaction upon each
selection of a new subset of wavelengths.

1.4 Hypothesis

In order to address the limitations discussed in the preceding section, we have proposed
an analysis that encompasses six high-dimensional Chemometrics tasks, to be executed
in accordance with [CAFS| This approach integrates the construction of covering arrays
within [CAFS| The central thesis of this work is to demonstrate that can generalize
wavelength selection by processing a broader selection of chemometrics tasks and exceed
the performance observed with cafs in the Amazonian cacao nibs.



1.5 Objectives

1.5.1 General Objective

The overarching aim of this research is to extend and generalize the framework established
in[CAFS|to[[CAFS| with the purpose of developing an innovative tool for wavelength selec-
tion specifically designed to enhance inferential tasks within the domain of chemometrics.

1.5.2 Specific Objectives

To substantiate the present study, we will conduct a comprehensive set of experiments
aimed at achieving the following objectives:

1. Extends [CAFS| to [CAFS| by incorporating the construction of [covering arrays| on
each iteration, and generalizing [CAFY| as specialized method that can be used
on any classification chememotrics application demonstrating its effectiveness by
trialling it against 6 well known chemometric applications.

2. Provide a deep comparison against CAFS and a well established meta-heuristic
method for feature selection.

3. Validate its credibility by testing the proposed algorithm against very-high dimen-
sional synthetic datasets. Additionally, try out [CAFS|in applications out of chemo-
metrics to demonstrate its applicability in different domains.

4. Release the proposed algorithm as an open-source library, thereby facilitating its
integration and utilization by researchers and practitioners specializing in hyper-
spectral feature selection.

1.6 Contribution

The groundbreaking innovation of this research is embodied in [CAFS| an algorithm de-
signed for the strategic selection of relevant wavelengths within the complex realm of
high-dimensional chemometrics applications. This tool serves as a game-changer for prac-
titioners and researchers alike, empowering them to significantly reduce the wavelength
search space, thereby enabling the training of sophisticated models with reduced cost and
maximal efficiency.



2. THEORETICAL / CONCEPTUAL
FRAMEWORK

Overview: The proposed tool is grounded in several key concepts—most no-
tably |covering arrays, |feature selection], and |/machine learning, among others.
Accordingly, a clear understanding of this theoretical framework is essential

for comprehending the proposed methodology.




2.1 Covering Arrays

Before getting into detail in [covering arrays, we will explain T-way interaction, the foun-
dational principle on which [covering arrays| it is built. T-way testing [21], also known
as interaction testing, emphasizes the examination of combinations of inputs rather than
evaluating every conceivable combination. For example, consider the task of testing a
system composed of 20 parameters, each having 10 distinct values. Employing a brute
force methodology necessitates exploring 10?° different combinations. However, as indi-
cated by t-way testing, software faults typically arise from the interaction of a limited
subset of inputs. Consequently, examining all conceivable combinations involving ¢ pa-
rameters is considerably more efficient. In view of this, |covering arrays| constitutes a
robust combinatorial data structure that models input interaction across ¢ parameters.

Thereby, [covering arrays underpins the fundamental tenets of [CAFS] Consequently, this
section elucidates |covering arrays| and presents diverse methodologies for the construc-
tion of [covering arrays| across various categories. Moreover, an exhaustive analysis of
will be undertaken, as they are relevant algorithms to construct . A
covering array is a combinatorial data structure defined by the function CA(N, k,t,v),
where N and k stand for the number of rows and columns, ¢ the strengths or interac-
tions between the columns, and v is the size of the alphabet defined by Z,. This can be
seen as test suites for software and hardware components where each column represents
a paramater. In addition, a significant challenge referenced in [covering arrays| pertains
to the construction of CAN (k,t,v). CAN can be defined as: given a set of k parameters,
a specified strength ¢, and an alphabet v, the objective is to construct a covering array
that minimizes the number of rows. This problem has been proven to be NP-hard in
the context of pairwise testing [22|. Thus, the development of optimal methodologies for
constructing covering arrays constitutes a significant area of research. In the next section,
we will review two methods and review some essential categories.

An example of a covering array is depicted in Figure [2.1] with the following properties:
CA(12,7,2,3). The alphabet is Z, = {0, 1,2} because each cell of the matrix can take
three distinct values {0,1,2}, N = 12 and each row represents a different test for the
system, and k£ = 7 are the different parameters to test in the system. Finally, ¢ represents
the interaction between two parameters such that each of the (;) sub-arrays formed by
t = 2 columns encompasses v’ tuples that extend over Z,; this means, for the matrix to
meet the condition to be a covering array, each sub-array composed of 2 columns has to
cover 3% = 9 tuples at least once. To give an example, for every sub-array of length two
it has to cover the following v* = [(0,0), (0,1), (0,2),(1,0),(1,1),(1,2),(2,0),(2,1), (2, 2)]
tuples.

Conversely, mixed covering array (MCA)|are predominantly observed in practical applica-
tions due to the variability in parameter values among software and hardware components.
Thereby, defined as MCA(N, k, t, (vg,v1,...,vx_1)), where each j € {0,...,k — 1} comes
from an alphabet with a cardinality of v;. Consequently, for any combination of ¢ distinct
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Figure 2.1: CA(12,7,2,3) with t = 2, Z, = {0,1,2}, k = 7 and N = 12 because
every sub array of length 2 covers at least once all possible tuples formed
from Z, = {0, 1,2}

columns; these columns must cover all ¢-tuples that can be formed from the Cartesian
product of its respective alphabet at least once. Sometimes the exponential notation
sg°, ..., s/ can be used to indicate that the MCA has u; columns with cardinality s;, an
example of this can be observed on Figure and such forms of Covering Arrays are
more prevalent in hardware and software components, as each input may possess distinct
values.

00 36
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1 2 31
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Figure 2.2: MCA(10,4,2, ({0,1},{0,1,2},{0,1,3},{0,1,6})) because every sub array
of length 2 covers at least once all possible ¢-tuples formed by the Cartesian
products of its respective alphabet



2.1.1 Categories on Covering Array Construction

Therefore, the broad researchers and practitioners community has been fully advocated
for investigating diverse methods for constructing optimum CAN, as noted in the inves-
tigation driven by Torres-Jiménez [23|, who compiles diverse methodologies to generate
lcovering arrays| from influential authors and classifies them into six main categories. So,
in this section, we will only review algebraic, recursive, exact, and greedy approaches to
provide the reader with an understanding of significant construction of [covering arrays|
methods.

1. Algebraic Methods: These methods employ mathematical formulas and algebraic
frameworks such as groups and finite fields, as well as operations involving one-
dimensional entities such as polynomials, vectors, and sequences. They typically do
not utilize two-dimensional configurations, such as orthogonal arrays or difference
matrices.

e Case t = v = 2 [24]-[26]: Constructs a CA(N;2,k,2) by placing as columns
distinct binary vectors of length /N that begin with 0 and have [%] 1’s.

e Cyclotomy [27]: Uses cyclotomic vectors derived from a prime-power ¢ = 1
(mod v) and a primitive element w of F,. Then it generates a g x ¢ cyclotomic
matrix A,, which is a CA under certain conditions. If bigger strengths are
needed, a vg X v matrix B, , is constructed by vertically juxtaposing A,, + ¢
for 0 < ¢ < v which is a CA for ¢ > 3 on certain conditions.

2. Recursive Methods: These methods construct new CAs from smaller ones.

e Product of CAs |28|: Generates a CA(N;+Na; 2, k,v) from X =CA(Ny,2,1,v)
and Y =CA(Ny; 2, kl,v) by taking the first input array, X, and place [ copies
of it side-by-side. This creates the top block of the new array with N; rows
and k X [ columns, then underneath the top block, For each of the [ copies of
X a block of size Ny x k is placed below it by taking the ¢ — th column of the
second input array, Y, and replicating that single column k& times.

e Duplication 2k [23|: This approach generates a strength-3 binary covering
arrays by utilizing both a strength-3 and a strength-2 binary array. Specifically,
given a X =CA(N3; 3, k,2) of t = 3 with &k columns and a Y =CA(Ns; 2, k, 2) of
t = 2, two replicas of X are arranged adjacently for the upper portion. Below
the first instance of X, the array Y is positioned. Subsequently, beneath the
second instance of X, the bitwise complement of YV is arranged. The result of
the aforementioned procedure is illustrated on Eq.

7 - Gf )7() (2.1)

3. Exacts Methods: These construct CAs by exhaustive search, typically for small
CAs. They often try to break symmetries (row/column permutation, symbol rela-
beling).



e The Automatic Generator Exact [29], [30]: EXACT builds the matrix
one single cell at a time. It very carefully places a value in a cell and then
checks if it’s on the right track. After it places a value, it checks whether
the new assignment implies a specific value for another cell or if it leads to a
contradiction with the covering array requirements. This is called "constraint
propagation". If it finds a problem or a dead end, it backtracks and tries a
different value. This means it looks at all possibilities to find the smallest
possible chart that works. It is best suited for small [covering arrays|

e New Backtracking Algorithm [31]: It is a search method for constructing
binary covering arrays (v = 2) of a specific strength and size.The algorithm
builds the covering array one column at a time. It uses a backtracking search,
which explores potential solutions and "backtracks" when it hits a dead end, to
speed up the search, the algorithm imposes a lexicographic (dictionary-style)
order on the columns, helping the algorithm to avoids re-exploring solutions,
also it only considers candidate columns that are "balanced" in their symbols,
so it must have a specific numbers of 0 and 1.

4. Greedy Methods: These generate good solutions in a short time, often construct-
ing arrays one row or one parameter at a time. Most of the time the
generated are deterministic, meaning the output [covering arrays|is the same
on every run.

e Test Case Generator (TCG) [32]: is a greedy algorithm designed for
constructing strength-two covering arrays |mixed covering arrayl A notable
characteristic of TCG is its incremental construction of the array, adding one
row at a time. The process begins by permuting the k parameters (columns) of
the covering array [MCA] arranging them in a non-increasing order according
to the cardinality of their respective alphabets. The number of candidate rows
considered can be up to M, where M represents the cardinality of the largest
alphabet among the parameters. Each candidate row is developed sequentially,
element by element. The construction procedure involves counting the number
of new pairs covered by adding an element to the current partial row. In
the final step, the algorithm selects the candidate that covers the most new
pairs and repeats the procedure until the covering array [MCA| is completely
constructed.

Furthermore, two additional categories are identified: metaheuristics and transformation.
The focus of metaheuristics is on utilizing nature-inspired and swarm-optimization heuris-
tics to guide the search toward an optimum [covering arraysl Conversely, transformation
is concerned with altering the structure of pre-existing [covering arrays|




2.1.2 In-Parameter-Order: A Greedy deterministic approach to
construct CA of t=2

Even though [PQ] will not be a functional part for [CAFS| is important to be detailed
in order to understand the core behavior of [POG| [PO] strategy serves as a method for
generating pairwise test sets. This technique incrementally constructs a comprehensive
test suite by incorporating one parameter at a time into an already established covering
array comprised of the v! tuples from the first ¢ parameters. A notable feature of this
algorithm is its construction of [covering arrays| through two distinct phases: horizontal
and vertical. The overall pseudocode is presented in Algorithm [I§]

Algorithm 1 In-Parameter-Order (IPO)
Initialize with the first two parameters p; and py
T < {(v1,v9) | vy is a value of p; and v, is a value of py}
if n =2 then
return 7
end if
Process the remaining parameters
for parameter p;,i < 3 to n do
Horizontal Growth: Extend existing tests
for each test (vq,...,v,1) € T do
Choose a value v; for parameter p;
Replace test with (vy,...,v;_1,v;)
end for
Vertical Growth: Add new tests for uncovered pairs
while 7 does not cover all pairs between p; and each of py,...,p;_1 do
Add a new test for (p1,...,p;) to T
16: end while
17: end for
18: return T

e S Sy Y
A e S e

Consider an initial pairwise test set for parameters A and B, represented
as {(A1, B1)(A1, B2)(Ag, By)(Az, Ba)}. Upon the introduction of a new pa-
rameter C', horizontal growth extends these four tests by adding values from
the C parameter to existing sets, resulting in tests denoted by X =
{(Al, Bl, Cl>, (Al, BQ, Ol>, A27 Bl, 02)7 (A27 BQ, CQ)} FOHOWiIlg this Sample, the test set
still comprises only four tests, and each is insufficient to cover all interactions with C.
Consequently, vertical growth is executed. This step introduces entirely new tests into
the set if necessary to address pairwise combinations unaddressed during the horizontal
phase. For example, suppose the addition of parameter C' to X reveals six uncovered tu-
ples {(Al, OQ), (Al, 03), (AQ, Ol), (AQ, 03), (Bl, 03), (BQ, Cg)} To cover these tuples, the
vertical growth algorithm generates new tests. To illustrate, in order to address the miss-
ing pair (A;,Cs), a test such as (Aj, x,Cy) is appended, wherein x signifies a don’t care
value; these don’t care values will have the function to serve as wildcards, so uncovered
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tuples can use it to avoid adding more tests. If it’s not possible, the algorithm will at-
tempt to cover remaining tuples by adding new tests; as an example, let’s suppose we
want to add another tuple (B, C3) by modifying previously added tests with don’t care
values (A1, %, C3), obtaining (A;, By, C3); hadn’t the tuple been covered using a wildcard,
it will need to append a new test with the conditions previously stated. This is one of
the weaknesses of [In-Parameter-Order]| as it will add unnecessary tests.

2.1.3 In-Parameter-Order General: A Greedy deterministic ap-
proach to construct CA with greatest strength

P1 P2 P3 P1 P2 P3P4 P1 P2 P3 P4
000 0000 000 0
00 1 00 11 001 1
010 0102 010 2
01 1 01 1[0 0110
100 1001 100 1
10 1 10 12 101 2
110 1100 110 0
111 11 1)1 111 1
(a) (b) 1010
010 1

001 2

110 2

- 00 2

112 —

(c)

Figure 2.3: Vertical and horizontal growth extensions.

The selection of [POG]| to be part of is substantiated by the fact that [POG] builds
faster |covering arrays| and allows the construction of greater t. Such a feature will be

relevant because in Section we will make a deep discussion on picking the best t for
feature interaction. [POG| adopts a methodology akin to that of [PO] with the difference
that it could work on [MCA] and ¢ > 2. Hence, to ensure that all ¢ values’ tuples across
the interaction of every t parameter have been covered at least once, it incorporates
an optimized access data structure. This structure is employed to check whether the
test 7; has adequately encompassed the most ¢-tuples possible, bearing in mind current
P;. Tt is noteworthy that both algorithms exhibit deterministic characteristics, thereby
consistently producing the same covering array upon each execution. The Algorithm
elaborates on the introduced by Lei, Kacker, Kuhn, et al. [33]. This methodology
follows the very same procedure from [PO] vertical and horizontal growth depicted in
Figure 2.3, meaning that just after considering P;, it has to calculate all T-way parameters’
subsets, taking into account the new F; in order to check if test 7; + P;.o has covered the
most values’ tuples for each of the parameter interactions of a defined ¢, bearing in mind
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P;. For this reason, when ¢ > 2, generating all ¢-way subsets containing P; with nested
loops would be overwhelming; instead, an approach working with a binary representation
of parameter tuples is proposed next. Let P, be a parameter being processed and ¢t = 3
with the initial tuple consisting of the P, 5, P;_1, P; resulting in the tuple {P,, Ps, P,}.
Later, we will start by creating a binary vector 0111 by placing 1’s in the rightmost (least
significant) position. Now, in order to generate the next permutation containing P, we
follow the below two rules.

e First, check if the last digit of the vector is 1. If true, it looks for the least significant
(rightmost) digit g that is a 0 and is immediately followed by a 1. Then, change
g to 1 and the digit following it to 0. Let’s illustrate this step; assume we have
a combination of this parameters P, Py, P5 represented in binary format as 01011
confirming that the last digit is 1. From digits 4;, and 5;, we notice this sequence
11, while 3;, and 4y, ¢ is 01; thus, 0 at 3,4 position is changed to a 1, and 1 at
position 4 to 0. This will generate the next tuple 01101, representing parameters
interaction of P, Ps, Ps.

e In case the last digit of the vector is 0; find the least significant (rightmost) digit
g that is 0 and is followed by a 1; then, count the number of 1’s, ¢, that appear
before digit ¢ and change digit ¢ from 0 to 1, then flip all digits after g to 0 except
for the last n — ¢ — 1 digits, which are set to 1. Here, n is the total number of 1’s
in the vector. Following that rule, we can start with the next binary vector 10110,
the rightmost 0 followed by a 1 is at 2,4 position, so, the number of 1 before the
second position is ¢ = 1, change the 0 at 2,4 position to 1, getting the next partial
vector 11110. Now, digits after 2,4 position are flipped from 1 to 0, except for last
n—c—1=3—1—1=1 digits which are set to 1, resulting in vector 11001.

Now, in order to get all tuple values (Pi.a, P;.3, P;.7y), the algorithm repeatedly adds
1 to the rightmost digit in tuples. This is accomplished by finding the least significant
(rightmost) digit that is not at its maximum value in its corresponding base - 1 and then
incrementing it by one. When the max base - 1 has been reached , it increments the
leftmost character which is not at its max base - 1, adds 1, and all digits to its right back
to 0. This process of adding 1 is repeated until a combination where every value is at its
maximum base - 1 has been reached.

By applying these two rules, we can generate all t-tuples involving parameter P;. But
now we need to make sure that adding P;.«c to 7; covers the most t-tuples containing P;.
For that reason, introduces a bidimensional datastructure. The first level are the
indexes that correspond to all ¢-tuples involving FP;; the second level is a bit map where
each bit represents a value’s t—tuple to be covered. The indexes can be calculated as
follows; from the next tuple, { Py, P>, P3} we can derive the next variables, i = 0, j = 2,
k = 3 and by applying the next formula 3%i+2% (j —i— 1)+ (k—j — 1) and substituting
each variable, we will have 3%x0+2%(2—-0—1) + (3 —2 — 1) = 2 which is the index to
access the tuple position into the array. For accessing the value’s tuple bitmap position,
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we can calculate the next formula; assume we have the following tuples with a valid
value combination {Fy1, Psg, P51}, then, by computing Eq , the values’ tuple index
is obtained. Here, v is the zero-based index of the value for the k-th parameter in the
tuple; n the number of parameters in the combination. Next, d; represents the domain
size for the j-th parameter and II the product of a sequence of terms.

(o110 -

k=1 j=k+1

With the incorporation of these additional procedures, growth and vertical extension, is
now capable of generating all t-tuples to generate a pseudo-optimum covering array on
greater strengths with multiple vocabulary cardinalities.

Algorithm 2 IPOG ( t,P)

1: s + {}
2: denote the parameters in P, in an arbitrary order, as Py, Ps, ..., P,
3: add into test set ts a test for each combination of values of the first ¢ parameters
4: for i+ t+1to P, do
5: 7 < t way combination of values involving the Parameter P, and ¢t — 1 parameter
among the first ¢ — 1 parameter
6: for 7 = (vy,v9,...,v;_1) €Ets do
7 for v; € P, do
8: 7= (v1,vV9,...,0i_1,0;)
9: if 7’ covers the most ¢ tuples from 7 then
10: T=1
11: end if
12: end for
13: end for
14: //vertical extension for parameter P,
15: for c € 7 do
16: if o0 €ts then
17: remove o from 7w
18: else
19: change an existing test to cover o if possible, otherwise add a new test to
cover o
20: end if
21: end for
22: end for
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2.2 Feature Selection

Feature Selection is a key concept for [CAFS| even though the main objective is to select
wavelengths and not features. The methodology in the study incorporates key concepts
from [feature selection|l So, foundational concepts should be addressed to comprehend real

[CAFY objectives.

Feature Selection is the process of selecting a subset of features that best represents
the problem, but sometimes, the removal of non-relevant and noisy information may
have different implications and not always lead to greater performance; for example,
there are cases in which high correlation may exist between two features; in other words,
these features may be relevant for the task, and removing one of the features will not
negatively affect the learning performance. However, other features may not be relevant
for classification, even if they are strongly independent from the rest. Even more, a noisy
and non-relevant feature alone can represent a decrease in classification accuracy, but two
noisy features can complement each other to distinguish samples from different classes;
for that reason, the broad scientific community has developed diverse [feature selection|
algorithms on different categories to tackle different objectives. In general, one thing
that is irrefutable for [feature selection|is that it could help overcome (1) models that get
overfitted (2) degeneration of algorithms’ performance due to highly dimensional data
sets, and (3) usage of a lot of computational resources [34], [35]. Furthermore, Huang,
Samuel [36], detailed an extensive taxonomy for supervised feature selection methods
based on the output of each algorithm. Figure [2.4] depicts such taxonomy, broken down
in three main categories: Feature Ranking, Subset Selection, and Embedded methods.

1. Feature Ranking Methods: Feature ranking methods assess individual features and
rank them according to their relevance to the target concept. The output is a
prioritized list of features. These are further divided into Pair-wise Ranking and
Simultaneous Ranking.

e Pair-wise Ranking: These methods evaluate the dependency between each
single feature and the target concept, one at a time. The criteria for this
evaluation fall into four categories.

— Correlation: Measures the statistical correlation between a feature and
the target, such as using Pearson’s correlation coefficient [37].

— Uncertainty: Uses information theory concepts like entropy to measure
the reduction in uncertainty about the target when a feature’s value is
known. Information gain [38| is a common criteria used under this cate-
gory.

— Hypothesis Test: Employs statistical tests to determine if a feature is
independent of the target class. The p-values from tests like the Chi-
squared test or t-test are used for ranking.
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— Discriminative Power: Evaluates how well a single feature can discrim-
inate between different class labels, for instance, by measuring the classifi-
cation error or the area under the ROC curve for a model built with that
single feature.

e Simultaneous Ranking: Calculate relevance weights for all features at the
same time considering their joint relationship with the target concept; this
definition is completely driven by the Relief Algorithm [39].

2. Subset Selection Methods: The goal of these methods is to produce an optimal
subset of features that should be collectively relevant to the target. They require a
search strategy to navigate the space of possible feature subsets.

e Subset Configuration Methods: Evaluate relevant feature subsets by an-
alyzing both the correlation between features and targets selected, as well as
the correlation among the features to configure an optimum candidate.

e Subset Evaluation Methods: These methods determine the quality of a
feature subsets by obtaining the best subsets with higher score or applying
statistical analysis.

— Model-Specific (Wrappers): Implements cross-validation on candidate sub-
sets as the criterion to guide the search toward the best feature subset.
These methods generally rely on heuristics search to navigate the feature
space.

— Model-Independent (Filters): They assess subsets based on statistical in-
sights from data relationship, making candidates subsets unbiased to-
ward any particular algorithm. Examples of criteria include inconsistency
rate[40] and inference correlation |41].

3. Embedded Methods: Incorporate the feature selection process directly into the con-
struction of the model. Features that remain in the final model are a byproduct of
the modeling process itself.

2.3 BBA (Binary Bat Algorithm)

This algorithm will be applied to the same experimental data utilized by [CAFS| and
[CAFS| The primary objective is to facilitate a comparative analysis of the quality and
quantity of wavelengths selected. The inclusion of this algorithm in the current study is
primarily justified by belonging within the wrapper methods, offering a valuable op-
portunity to evaluate a state-of-the-art procedure in comparison to [CAFS| and [CAFS]
given their shared objectives on [feature selection| discussed in Subsection (4.2}

The Bat algorithm is a bioinspired metaheuristic technique described in [42], and inspired
by the behavior of bats on how a swarm of micro-bats locates their prey/food using
echolocation. The behavior of micro-bats is defined as follows:
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Supervised Feature Selection
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Embedded
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. Regularization
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Uncertainty Model-Independent

Hypothesis Test

Discriminative Power

Figure 2.4: New taxonomy which main objective is to classify correctly FS algorithms
based on outputs.

e All bats use echolocation to sense distance, and they know the difference between
prey /food.

e A bat b; flies randomly with velocity v; at position z; with a fixed frequency fin,
varying wavelength A, and loudness Ag to search for a prey/food. They can adjust
the wavelength of their emitted pulses and the rate of pulse emission on behalf of
the proximity of a target.

These behaviors are formally expressed in Eqs. 2.3 to 2.5 as defined below.

fi = fmm + (fma:]c - fmm)ﬂ (23)
V() = vt — 1)+ [ — (= D) (2.4)
(1) = o]t — 1) + vj(1) (2.5)

This algorithm belongs to the multi-objective optimization category. This means that
to get the best possible solution for a problem, the algorithm needs to optimize a set of
values M; € 1 =0,1,2,..., N; therefore, one of the most important elements in the design
of each microbat is a vector ¢ that will hold each value to be optimized.

The Eq.[2.3|represents the frequency on which each microbat will emit echolocation, 3 is a
randomly generated number between the range [0, 1]; then, the result from Eq. [2.3|controls
the pace and range of the movement of the bats and the variation in the wavelengths’
frequency that each bat is going to have at each iteration. xf (t) represents the best partial
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solution for microbat z;. 4’ is the maximum solution globally found so far among the
swarm of microbats. Eq. adjusts the velocity of each microbat to reduce the distance
to the best possible solution found on each v; for each microbat. Eq. [2.5] just updates the
new position with the velocity calculated in Eq. 2.5 An additional step was proposed to
improve the variability in each microbat xf consisting of including random walks depicted

in Eq. 2.6/

Tnew = Lold 1 EAZt) (26)
where A(t) stands for the average loudness of all bats at iteration ¢ and € it is a random
number between the range [1, —1]. The authors in [43] developed a Binary Bat algorithm
variation for feature selection that aims to produce an optimum subset, resulting from
applying Eqgs. and to each {b; : i =0,1,2,..., N} where N represents the features
available. However, the resultant ¢ did not fall within the domain of {0,1}. Consequently,
Eqgs. and were employed to transform each ¢ within the interval of [0, 1]; this
transformation was subsequently evaluated against a threshold o to obtain a {0,1}. In
other words, a feature is selected or not selected.

4 1
S(t) = — 2.7
= —— 27
: 1, if S(vi) > 4.
S(vt) = J 2.8
(%) {0, otherwise. (2:8)

The selected features are systematically evaluated using a designated learning algorithm.
Subsequently, the fitness criterion is defined as selecting the optimal feature subset that
maximizes classification accuracy across all bats in T" iterations. In addition, the learning
algorithm used was the optimum path tree forest, as elaborated in [44]. Lastly, Algo-
rithm [3] details the binary bat procedure.

From the Algorithm [3] it can be seen that Equation [2.9) and [2.10] are used to control the
pulse rate and the loudness at each iteration.

ro(t +1) = ro(t) + [1 — €] (2.9)
Ai(t+1) = aAy(t) (2.10)

where a and 7 are constants purposely added and initially initialized between the range
[1,2] for loudness and [0, 1] for the pulse ratio.
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Algorithm 3 Binary Bat Algorithm
1: for b;(Vi=0,1,2...,m) do

2 for j(Vj=0,1,2...,n) do

3 2} < Random(0, 1)

4 end for

5 vi(t) <0

6: A; [1, 2]

7 Ty < [0, 1]

8: end for

9: for t(Vt=1,2,...,7) do

10: for b;(Vi=10,1,2...,m) do

11: Create Z] and Zj from Z; and Z; such that both contain only wavelengths on

b; in which 27 # 0, Vi =0,1,2,...,n

12: Create model with Z] and test over Zj, then get accuracy and store it on acc
13: rand < Random|0, 1]

14: if rand > Ay and acc > fit; then
15: fit; < acc

16: Al — OéAi

17: ri < 191 — eV

18: end if

19: end for
20: [mazx fit, mazindex| < max(fit)
21: if maxfit > global fit then
22: global fit < max fit
23: for bia.pi(Vji=0,1,2,...,n) do
24: AR :L‘Znaxﬁt
25: end for
26: end if
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Algorithm 4 Binary Bat Algorithm PT 2

27: for b;(Vi=10,1,2...,m) do

28: B < Random|0, 1]

29: rand < Random|0, 1]

30: if rand > r; then

31: for j(Vj=0,1,2...,n) do

32: w) < a) +eA

33: 0 < Rando|0, 1]

34: if 0 < 1(—'—) then
14+e %

35: —x) 1

36: else

37: —xl 0

38: end if

39: end for

40: end if

41: rand < Random|0, 1]

42: if rand > A; and fit; < global fit then

43: for j(Vj=0,1,2...,n) do

44: fl A fmzn + (fmax'_ fmzn)ﬂ

45: v} =) + 27— 3] f;

46: o < Rando|0, 1]

4T: if 0 < 1(——) then
1+e

48: —a) 1

49: else

50: —:Ug ~—0

51: end if

52: end for

53: end if

54: end for

55: end for

56: return z’
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3. STATE OF THE ART

Overview: [ICAFS/ICAFS represents the integration of two significant con-
cepts. In this section, we will examine some critical related work pertinent to
Covering Arrays and Feature Selection.
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3.1 Application of Covering Arrays and the introduc-
tion in Feature Selection

A clear application of [covering arrays| used to model parameter interaction is thoroughly
examined in [45], which details the construction of static malware detection [ML] models to
analyze malicious files. This study utilizes|covering arrays|as a means to shape interactions
between different [ML] hyper-parameters’ learning algorithms to discover optimum
models, serving as an alternative to Grid Search, which applies exhaustive search to get
the most powerful combination of hyper-parameters. This technique allowed the authors
to explore interactions among 2, 3, and 4 classification algorithms’ hyper-parameters
efficiently without extending the computational time, as it would have resulted from Grid
Search.

But the emphasis of [covering arrays| is fully advocated toward the development of opti-
mal methodologies for producing accurate |covering arrays| rather than on the application
field. Such a fact is evident in recent state-of-the-art; to illustrate this, in [46], au-
thors combined meta-heuristic approaches, such as particle swarm Optimization (PSO)|
and [simulated annealing (SA)] to create minor perturbations and enable [PSO] to escape
local optima, thereby achieving an enhanced solution for generated [covering arraysl Sim-
ilarly, in [47], APPTS was introduced; a Tabu Search approach featuring an adaptive
penalty system that imposes penalties for attempting disallowed settings of combinations
in [covering arrays|

Although [covering arrays| have been the subject of study for many years, the integration
to Feature Selection is not as comprehensive as might be expected. In [48], an @
was embedded for the evaluation of candidate genes within a @
to select the optimal subsets of genes for the classification of cancer. It is crucial to
distinguish between an |orthogonal array| and [covering arrays|, with |covering arrays| being
a flexible structure allowing for the inclusion of every possible combination of parameter
values at least once, whereas [orthogonal array| permits only one. Subsequently, Vivas,
Sebastian [13] introduced an innovative Random Forest Classifier employing a
larrays| which was utilized to identify distinct feature interactions for the purpose of guid-
ing the construction of various decision tree classifiers. In contrast, Dorado, Hugo [14]
provided a detailed account of a [feature selection| wrapper method that leverages a
to model interactions between various parameters. For each test, this method
generates a model and evaluates it, ultimately identifying the set of features that best
represent the problem based on the model’s performanceFi-score. Then, Castro, De-la-
Torre, Avila-George, et al. |[8] adapted this methodology to the chemometrics domain,
by collecting seeds of various cacao species, which were then processed using special-
ized spectrometers to obtain samples across different wavelengths on the
spectrum. Subsequently, all observations were preprocessed through a sim-
ilar approach leveraging |covering arrays| for feature selection, but with the inclusion of
additional steps that reshape the covering array to the length of optimally selected wave-
lengths during 7" iterations. This caused to progressively halve the feature space at each
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1 € T, demonstrating a remarkable correlation between reduced subsets and increasing
Fi-scores.

3.2 Feature Selection; a well known studied approach

Feature selection constitutes an integral component of the preprocessing stage on
and |deep learning (DL)| It involves the identification of the optimal subset of features
that most accurately encapsulates the problem under consideration. Section detailed
each specific sub-specialization for feature selection based on the output. Conversely, this
section will focus on discussing noteworthy algorithms pertaining to the aforementioned
categories.

e Embeded Methods: Liu, Zhou, and Liu [49] came up with an efficient decision
tree algorithm based on Gini Index as a split criterion in order to create efficient
classification trees. Gini [50] and Ceriani and Verme |51| was mainly used to measure
the impurity of a model. The main contribution in feature selection consist as a
first step in measure the Gini Index if the dataset were to split on feature X;.
After sounding out all possible X; features, it chooses the best feature that has the
lowest Gini Index possible, because the lowest Gini Index, the less the model is
impure. This feature is later used as the root of the tree; the children of the tree are
recursively constructed with the before-mentioned steps along with its respective
portion dataset. The final output results on a Classification Tree with the most
relevant features. Moreover, it became too attached to the definition of Embedded
lfeature selection| for the merely reason that the [feature selection| happened always
at the training phase.

e Subset Evaluation Methods-Model Specific: Pham, Ghanbarzadeh, Kog, et
al. proposed a variation of a Bee Algorithm for feature selection, deeply studied in
[52]. The overall heuristic of BA, consist on creating random population of bees,
assigning each one to neighborhoods made of random solutions (search spaces), the
bees with the highest fit got recruited. The process is repeated until no bees are left
for allocation; the sites or neighborhoods with highest score are returned; aslo called
elite sites. Guha, Chatterjee, Khalid Hassan, et al. [12], on the other side, proposed
a compilation of well known meta-heuristics methods into PyFS, an open source
python feature selection algorithms. Methods as BBA and more meta-heuristics
based algorithms, can be found into this library [43].

e Subset Evaluation Methods-Model Independent: Anitha and Sherly [15] pre-
sented MDIMFR, algorithm, a jmutual information (MI)| based approach for subset
selection, considering three key factors: redundancy, relevance [53| and feature in-
teraction. In the first step it creates a set S containing the features with the max-
imum [MI] between the input features and target classes, with the elements present
it Sy, it calculates the interacting features between each pair by calculating the
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positive difference between the unconditional and conditional [MI} the features that
met this criteria should be included on the S;,;. Then, another set S,.4 is created
to group the redundant features by calculating the differences between the uncondi-
tional dependence and the conditional dependence with respect to the target class
between any pair of nodes. As a last step the algorithm output the final set S by
removing al elements from S,.q on S;,;.Moreover, others influential authors have
been researching [feature selection| algorithms around Mutal Information [54], [55].

e Simultaneous Ranking: In [56|, authors presented a graph approach like algo-
rithm with Page Rank relaying on the statement that the covariance between two
features and labels should be as small as possible. So, as a first step, it randomly
deletes label samples in order to convert the data partially present; after this, it
calculates the covariance correlation distance between the x features and the y la-
bels. The result of the previous computation is stored on a table. The previous
step is repeated to now compute the correlation covariance distance between two
features. As a third step, it generates the mean of the already computed correla-
tion covariance distance table for every features or column and map it to the its
already computed label covariance correlation distance on an third matrix. Then,
it computes and adjacency matrix with the distance for every two feature based
on the mean correlation covariance distance for every two nodes. Finally it creates
the complete graph and apply Page Rank to get the ranking of the most relevant
features.

It is important to emphasize that Sklearn also implements well-tested algorithms for
[feature selection] as evidenced by Table [3.1]

Algorithm Description

SelectK Best Select features according to the k highest scores.

SelectPercentile Select features according to a percentile of the highest scores.

RFE (Recursive Feature Elimination) Recursively eliminate features and build a model.

RFECV Recursive feature elimination with cross-validation for optimal number of features.
SelectFromModel Select features based on importance weights.

Table 3.1: Scikit-learn Feature Selection Algorithms

3.3 Covering Array Feature Selection

[CAFY|is an algorithm proposed to tackle the problem of high dimensionality on a dataset
with more than a thousand wavelengths. This algorithm was designed to be coupled to
the Naive Bayes classifier and assumes that the samples follow a normal distribution in
the feature space and each feature is statistically independent from each other.

One requirement for this algorithm to work is a covering array with the following proper-
ties: CAN(k,t,v). The number of k rows is equal to the number of wavelengths, and the
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alphabet Z, must be binary. The rationale for this design is that the model is required to
have an interaction between every t wavelength that is available on the feature space,
and each value on Z, means whether a feature will be selected or not (e.g. if Z = 1, the
feature is selected, otherwise discarded).

Algorithm 5 CAFS( CA, X, y)
L foae < X :{X;]1=0,1,2... n}
2: for j(¥j =0,1,2...,7) do

3: =0

4: ;TL(L’L' = {}

5: for kin (Vk=0,1,2...,R) do
6: for [in (V[ =0,1,2...,C) do
7: if CA(k,l) =1 then

8: F U { st

9: end if

10: end for

11: X« X, :1ef

12: T < berossvalidation( X', y)
13: if ¥ > 1" then

14: Tz

15: e

16: end if

17: end for

18: C = | fimaz|

19: ;=4

20: fmax = ;nam

21: end for

22: return (2, fraz)

This algorithm starts by setting f,... with the current labels present on X. Secondly,
for each k within the current [, the covering array is examined to determine whether
wavelength (k,l) = 1, inquiring the selection of the | wavelength on f,,,. , which is then
appended to f’. Later, a subset X’ is generated, containing candidates all wavelengths
available on f’. Next, X’ is evaluated against a 5-cross-validation function. Then, the
result is assigned to T, which represents the mean across the 5 folds. Following this, Z is
compared against ' to validate if the current sub-selection of bands is greater. Finally,
if it turns out to be true, it will assign [’ to fiaz-

The cardinality of f,,.. is assigned to C, the column counts; this step is critical as it
allows for the adaptation of the covering array to align with the elements chosen in f,,q..
This procedure is reiterated to further reduce the feature space. Adjusting the columns
to correspond to the size of the newly selected wavelength subsets is essential, thereby
reflecting wavlengths reduction, as depicted in Figure[3.1] It is important to emphasize
that this reduction process is inherent to [covering arrays| indicating that each test within
the [covering arrays| will comprise approximately half of the parameters activated with
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a value of 1. Consequently, when identifies a significant subset and adjusts the
lcovering arrays| accordingly, it effectively reduces the wavelengths.

000000 0 000 0 0 0
0001111 0001 0 0
0110011 0110 0 1
0111100 0111 0 1
1 0101 01 P11 o1 o SN R
1011010 1011 10
1100110 1100 11
1101001 1101 11

Figure 3.1: Iterative shrinking of the covering array based on the best subset of wave-
lengths selected in each iteration. a) Supose best set of wavelengths is found on the
second row with a subset of 4 wavelengths for first iteration; b) in second iter-
ation, the [CA]is shrinked to match now those 4 selected wavelengths. Next, it
is assumed that the best subset of wavelengths is located at row three; then,
for the third iteration c) it again shrink the array to match the previously
selected wavelengths

3.4 Research Guidance

Upon revisiting these two concepts, it is imperative to underscore that this degree obten-
tion work does not intend to introduce a generic [feature selection| algorithm. Rather, it
seeks to extend [CAFS]| proposing a state-of-the-art algorithm specifically tailored
for wavelength selection within the field of chemometrics. Further research is necessary
to expand these methods into new domains.
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4. An Iterative Covering Array Feature
Selection Algorithm

Overview: In this section, we introduce an innovative expansion of
lcovering array Feature Selection| designed for the purpose of wavelength selec-
tion.
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4.1 TIterative Covering Array Feature Selection

Algorithm [5 has been empirically validated and exhibits robust performance in classifying
cacao nibs. However, a notable limitation remains: it inadequately captures the interac-
tions among selected wavelengths within the covering array. This is due to its strategy
of utilizing a consistently halved [CA] to fit the number of chosen wavelengths. Conse-
quently, even though the coverage property is maintained, [CAFS| does not construct a
test matrix for the chosen wavelengths and, as a result, it maintains the interaction order
of the original wavelengths with a larger number of test cases. To address this deficiency,
we introduce [CAFS| This algorithm is closely related to Algorithm [5, with the primary
distinction being that it generates a new array based on the selected wavelengths to
accurately simulate interactions among them.

0000 .. 1|u=[01..1] filk)=m
CANGroy-| D 0 1 1 e=[01 .. 1] ff(xz) =y x=111:i>:fs(y)
1011 0)xa=[01 ... 1] filxn) = yn
a) b) c) d)

Figure 4.1: Main framework for wavelength selection in a) Create CAN
from the best possible subset; initially the best subset is n. b) from each test,
c) we construct a model and ¢) evaluate it. Finally, d) select de best subset
and repeat until T iterations are reached

The algorithm used to create [covering arrays|is[[POG] and it is important to mention that
since [POG] is deterministic, it produces the same [covering arraysl However, it stands
out among other construction methods due to its greedy strategy, avoiding exhaustive
search even though the number of tests resulting is greater compared to other methods,
and the ability to increase t, allowing the generation of new wavelength interactions.
For this reason, when v randomness seed is activated, the candidates’ feature subsets
undergo a shuffle to induce variability on subsets generated before constructing
larraysl [CAFYS|is described in Algorithm [6] Moreover, in Figure [£.1] it can be appreciated
the strategy followed. Another important piece for [CAFS| is the use of classification
algorithms available on sklearn; Table lists a few common classifiers.

This algorithm first creates p with a list of ordered pairs (i, {1,0}) such that each i is a
prospect wavelength from f,,, assigned with a Z, = {0,1}. Secondly, a new covering
array is built from p and strength ¢ using [POG| Then, for each [ on the current row
k, within the covering array, it selects the current wavelength if the (k,[) wavelength
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Algorithm Description

Logistic Regression Linear model for classification utilizing a logistic function
Support Vector Machine Classifies data by finding the best hyperplane

Decision Tree A non-parametric model that splits the data into subsets
Random Forest Ensemble method using multiple decision trees

Naive Bayes Probabilistic classifiers based on Bayes’ theorem
K-Nearest Neighbors Classifies based on the majority class of nearest neighbors

Table 4.1: Supervised classification algorithms in scikit-learn

Algorithm 6 ICAFS(X, y t,y ,T,)
I fowe < X :{X,[i=0,1,2...,n}
2: for j(Vj =0,1,2...,7) do

3: =0
4: if ~ activated then

5: shuffle f,,q. that contains the best subset of wavelengths base on v seed
6: end if

7 p={0{1,0}) | i€ fina}

8: CA « IPOG(t,p)

9: for kin (Vk=0,1,2...,R) do
10: for [in (VI=0,1,2...,C) do
11: if CAk,l)=1t hen
12: f U {fhast
13: end if
14: end for
15: X+« X, :ief
16: T < berossvalidation( X', y)
17: if > 21’ then
18: Tz
19: Smaz < f
20: end if
21: end for
220 ;=2
23: end for

24: return (2, fiaz)

on [covering arrays| is 1, appending it to f’; otherwise, it is ignored. With the selected
wavelengths, it creates X’ to later evaluate it using 5-fold cross-validation. The result
is assigned to . Should = be greater than &, f,... is replaced with f’, and this process
is reiterated until either there are no further wavelengths to diminish or the maximum
permissible number of iterations has been achieved. It is crucial to note that the reduc-
tion procedure executed during each iteration is implicitly applied due to the process of
constructing [covering arrays| repeatedly with the best subset of features selected from the
previous iteration. Such reduction strategy is described in Figure
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4.2 [ICAFS| Feature Selection Objective and Category

Although in Section a concise purpose for [feature selection| was given, Saeys, Yvan et
al. [07] expanded the definition to be a manifold objective. Such objectives are (a) finding
a subset with the highest accuracy possible, (b) selecting a feature subset that does not
degrade the performance of the system [58|, (c) finding the relevant features that best
represent the data, and (d) discarding irrelevant or redundant features.

The multitude of these objectives arises from the fact that each category encompasses
certain aims; for instance, Filter Methods proves more applicable when relevance [53],
[59] is a crucial factor in the application under consideration. This indicates that while
the selected variables may have low predictive scores for a critical model to predict an
important disease, their selection holds greater significance than merely achieving the
highest accuracy subset. Conversely, wrapper method prioritizes subsets that attain
high scores, employing k-cross validation at each subset evaluation to ensure that the
selected features are not attributable to chance, thereby disregarding relevance between
features selected.

Consequently, the applicability of each category is dictated by the specific challenge it
seeks to address. Accordingly, the primary objective of [[terative Covering Array Fea-
fture Selection|is the implementation of a wrapper strategy tailored for high-dimensional
chemometric applications, an objective strongly supported in [11], who emphasized the
challenges associated with the redundant, overlapped, and high-dimensional data derived
from chemometric measurements.

Additionally, from Fig. 2.4] we can correctly categorize [CAFS||CAFS| as follows: each
test derived from a covering array signifies an interaction between features, selecting the
subset selection category. Next, each feature subset is assessed by developing a model and
choosing the maximum model score in each iteration. Hence, we can go deeper into the
taxonomy and classify it under the model-specific subcategory. Overall, [CAFS|represents
a wrapper method for subset selection based on model-specific evaluation.
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5. Experimental Methodology

Overview:In this chapter, the steps and methodology proposed to examine the
[ICAFS will be meticulously outlined.
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5.1 Methodology

To assess the effectiveness of [CAFS| in wavelength selection, we will tackle six high-
dimensional chemometric problems. Each dataset will subsequently be analyzed using
ICAFS| [CAFS| and [BBA], with associated hyper-parameters explored in this section. The
resultant findings will be presented, leading to the conclusion of the identified outcomes.
This methodology is depicted in Fig. [5.1] and each phase is thoroughly explained in the
following subsections. It’s important to emphasize that throughout all the experimenta-
tion conducted, v was deactivated in [CAFS|in order to induce reproducibility.

High Dimentional
Chemometrics Datasets

I

Selection of Hyperparameters
for wavelengths Selection

I

|

Applies Applies Applies

v

| BBA | | CAFS | | ICAFS ‘

[ [ |

Generates Generates Generates

Best wavelengths subsets

Figure 5.1: Experimental methodology to compare best subsets of wavelengths
across different F'S strategies such as BBA, CAFS and ICAFS

5.2 Chemometrics dataset selection

These datasets constitute a fundamental basis to substantiate the validity of [CAFS] in
the field of chemometrics. Furthermore, they pertain to classification tasks, with their
properties delineated in Table

The Cacao Nibs were extracted and processed using methodologies explained in [8]. How-
ever, samples from Non-Plus/Plus Algarrobo trees [60] were generated by taking hyper-
spectral photos of Algarrobo trees that belonged to two main species, Non-Plus/Plus; each
sample was processed with specialized hyperspectral tools and techniques, transforming
the images into indices.

The "Fresh Meats" dataset [61] was created by purchasing 20 distinct meat samples from
chicken, pork, and turkey. Each sample was minced and subsequently divided into four
portions, with three portions frozen at varying temperatures and one kept refrigerated.
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Dataset No. wave- wavelengths Descriptions No. Samples

lengths
. 10 2 relevant wavelengths and 8 Data that explain if a point 10000
Circle In Square noisy wavelengths in acending or- is inside or outside a cricle
der by noisy perecentage
/ 24 24 hypersepctral wavelength in- Non Plus / Plus Neltuma 1000
Non-plus/plus Algarrobo cluding R,G,B pallida trees samples
. 235 Spectral ~ Range: 899.327- Strawberry Puree sample 983
Fruit Puree 1802.564 cm-1 explaning whether is adul-
terated or not.
448 Spectral Range:1005.3495- Describes 3 different meat 120
Fresh Meats 1867.864 cm-1 gotten from Pork, Turkey
and Chciken
. . 570 Spectral ~ Range: 798.892-  Olive oils from different eu- 120
Olive Oils Quadrum 1896.8085 cm-1 rupe regions
. 1401 NIR Wavelengths from 1100 to 6 different Cacao amazo- 990
Cacao Nibs 2500 nian species through NIR
wavelengths

Table 5.1: High dimensional chemometrics datasets mainly focused on food
with its respective number of bands and description

These samples were then analyzed using an on-site fourier-transform infrared (FTIR)
spectrometer system.

The "Fruit Purée" dataset [62| encompasses a two-class categorization, comprising sam-
ples of strawberry and non-strawberry purées. The samples were obtained by processing
various fruits on a metal sieve or blending them in a mixer. The non-strawberry samples
were composed of fruit purée with adulterants added. Finally, Olive Oils Quadrum [63|
centers on classifying European olive oil obtained from different regions such as Greece,
Italy, Portugal, and Spain; the data were obtained by processing each sample using a
MonitIR FTIR spectrometer system.

The CIS dataset is a synthetic construct designed to examine the classification of points as
either inside or outside a circular boundary, utilizing two primary wavelengths. Addition-
ally, the dataset incorporates 8 supplementary wavelengths to enhance its dimensionality
and introduce noise into the classification challenges. Figure illustrates the visual
depiction of samples inside and outside within the two-dimensional feature space.

5.3 Discovering the best strength and open [CAFS| to
generic applications

[CAFS will be conducted against a brief experimentation in order to open [CAFS| out of
the wavelength selection to general classification applications. It is essential to note that
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Figure 5.2: Visual representation of the feature space of the original samples
corresponding to the circle-in-the-square synthetic dataset

the primary objective of [CAFS|is to select subsets that achieve the optimal F}-score rather
than simply identifying relevant features. In this experimentation, we will evaluate three
datasets available in the UCI repository . Our motivation extends beyond providing
evidence that [CAFS|is applicable to generalized classification tasks, such as those found
within the UCI repository. Moreover, as a secondary goal, we aim to demonstrate the
optimal parameter ¢, which governs the interaction among the various ¢ features within the
system; as per Kuhn, D. Richard et al. the optimal interaction for failure detection
within the system is described by ¢ = 6. Therefore, during this experiment, we will
adhere to the same rationale, applied to the feature interaction. The methodology we
will employ is as follows: We will select three classic classification tasks from the UCI
repository, and for each task, we will execute against a t = {2,3,4,5,6}. Each
instance of [CAFS| will be configured with 7" = 10. Ultimately, we will present the results
accompanied by a brief conclusion. This facet of the work is crucial as it seeks to identify
the most effective t concerning feature interaction in generic classification problems. The
results will be further discussed in Section [6.2]

5.3.1 Three well-known datasets

In this part, we will give a brief explanation of each dataset used, and each of these
datasets aligns with the wrapper methods’ objective, which consists of getting the subset
that attains the highest possible accuracy:

Breast Cancer Wisconsin [65]; authors’ main contribution was to propose a new mech-
anism to detect breast cancer by images as an alternative to conventional methods that
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required very critical and hard procedures that led to inaccurate results, such as fine nee-
dle aspiration (FNA); therefore, the authors developed a system that uses a computer to
analyze images of cell nuclei from an FNA slide, gathering a total of exact measurements,
such as radius, area, and more from each sampled cell. These measurements were de-
composed into the mean, standard error, and "worst" (largest); worst does not mean the
features are not good enough, they are indeed one of the most powerful as they represent
the highest or largest measurements obtained from each cell nuclei, resulting in a total of
30 features from 10 initially collected. It is interesting to emphasize that during the model
creation for predicting cancer, they use exhaustive search to get features that attained
satisfactory results and remark on the use of heuristic-based search as an alternative.

Wine Quality[66]: This dataset consists of a large collection of wines, including 1,599
red and 4,898 white wine samples. The feature space was obtained from physicochemi-
cal measurements, which consisted of 11 different laboratory tests measuring things like
alcohol content, acidity, residual sugar, pH, and sulfates; and sensory data, scores rated
on a scale from 0 (very bad) to 10 (excellent) by a panel of expert human tasters that
dictated the quality of wine samples. The main goal was to predict how well a wine was
tested on the basis of the features discussed above without testing each observation by
creating regression models to approximate sensory scores. But since this study centers on
classification, we are going to take as reference the work from Er and Atasoy [67] who used
wine quality data for classifying correctly wine types. It is important to mention that
even though there exist impactful features to approximate wine scores, on classification
this may vary and may not be relevant.

Letter Recognition [68]: It is a collection of 20,000 images generated from 20 differ-
ent commercial fonts, including script, italic, and Gothic styles, ensuring a wide variety
of shapes. Each letter was randomly distorted using transformations such as changing
magnification, aspect ratio, and applying horizontal and vertical warps, resulting in a
collection of misshapen but human-recognizable characters. Then, from each letter 16
primitive numerical attributes were extracted, consisting of statistical properties of the
pixel distribution.

In Table is listed a summary of datasets that are going to be used as part of this
sub-experimentation.

5.3.2 Preprocessing stage and hyperparameter selection for ICAFS

in choosing the best ¢

Wine Quality, Letter Recognition, and Breast Cancer Wisconsin were passed through
a process of Min-Max scaling in order to improve performance in classifiers used. For
[CAFS] the selected algorithms will be KNN and SVM; only KNN is configured with a
total of neighbors of 3. SVM is used with default hyperparameters. With this configura-
tion in mind, the test will be running [CAFS| 6 time starting at ¢ = 2 and ending in ¢ = 6
for each of the datasets proposed in two variants.
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Dataset No. wave- wavelengths Descriptions No. Samples

lengths
Wine Quality 11 Physicochemical measurments as classifying red and white 6,497
alochol, pH and more wines
Letter Recognition 11 statistical properties of the pixel recognizing the 26 letter up- 20,000
distribution percase letters
Breast Cancer Wisconsin 30 Breast Cancer Ceil measurments Classifying Malignus and 568
as raidus, area and more. Benignus cancer

Table 5.2: Brief Summary of the generic dataset to be used

5.4 Classification Algorithms

To ensure variability in the results obtained, this document will delineate four iterations
of ICAFS and CAFS, employing four distinct learning algorithms: MLP, foptimum pathl
[forest (OPF)] kNN, and SVM. The reason for covering-array-based methods to use OPF is
to have a fair comparison between the results obtained by [BBA]and [CAFS| /[CAFS| Sub-
sequently, a review of the foundational concepts pertaining to the implemented learning
algorithms will be provided.

The BBA employs the learning algorithm [44]. The algorithm functions as
a graph-based forest classification technique that initially involves the computation of a
minimum spanning tree (MST) on a fully connected weighted graph. The weights of the
edges are determined based on the distances between each pair of samples within the
training set. After the construction of the MST, the algorithm identifies the prototype
nodes. These prototype nodes are defined as adjacent nodes within the MST that belong
to distinct classes. From these prototypes, the algorithm initiates the training phase or
competition process by continually determining the minimum path from each prototype
to every sample ¢, ultimately assigning each ¢ to a prototype s such that the path between
them is minimal, assigning ¢ with the label L(s). It is called competition because each
sample ¢t can be claimed by any s that belongs to a different class as long as the path m,
that is rooted in a new candidate prototype s is minimized, thus changing the label of ¢

to L(s).

SVM or Support Vector Machine [69] is a learning algorithm that is used for clas-
sification problems. The main goal consists of correctly classifying a training sample on
the correct side of a plane delimited by a decision boundary. The training phase con-
sists of minimizing this decision boundary in order to increase the chance of a correct
classification. The decision boundary is delimited and supported by vectors whose loss
is greater than 0; meaning that they are points that remain classified incorrectly and
correctly but close to the decision boundary. The penalty for each misclassified vector is
given by Equation [5.1]
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(1 -
min (§||w||2+C'Zmax(0,1—yi(w~xi—|—b))> (5.1)

=1

This process facilitates the minimization of §|lw||? subject to y;(w-z;+b) > 1. Specifically,
if a sample incurs a negative penalty, it signifies an incorrect classification. Consequently,
this penalty is disseminated to update b and w in order to minimize by maximally en-
hancing ||w]].

Figure 5.3: SVM classifier in action, where the dotted line represent the decision
boundary, and the highlighted points, the support vectors.

kNN or k-Nearest Neighbors is a nonparametric learning algorithm; this means
that the only hyperparameter to configure is the number of closest neighbors that each
training sample will be compared to assign the correct label. During the classification
phase, each sample will be compared against all available points, assigning the label with
the highest frequency to the incoming sample. The distances used are the Euclidean and
Cosine distances. One major drawback of kNN is that it has to keep in memory all the
training data for the evaluation phase.

MLP is a network because it can be represented by composing many different linear
functions. For instance, a model might consist of three f), f@ f®) connected in a chain
to form f(z) = fO(f@(fM(x))). In this chained structure, each function is a layer of
the network. The first layer is f(), the second is £, and so on, with the overall length
of the chain defining the model’s depth. MLPs then are called "feedforward" because
information flows directly from the input z, through the intermediate computations that
define the function, to the output y. Thus, there are no feedback connections where the
outputs of the model are fed back into itself. In addition, the layers between the input
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and the output are called hidden layers. In order to induce non-linearity, MLPs apply
activation functions to hidden layers. This way, the model learns to identify complex
patterns. A common activation function is ReLLU g(z) = {0, z}, with the main purpose of
deactivating neurons in order to break linearity. This way, each neuron learns to identify
different aspects of the data. Finally, all this knowledge is combined in the output layers
for final prediction.

5.5 Performance Evaluation

ICAFS||CAFS|will use Fi-macro to evaluate the performance of created models by each of
the subsets generated. This decision comes from the fact that Fj-macro deals greatly with
class imbalance cases by giving equal weight to each class’s Fi-score. To illustrate, cacao
nibs is a 7-class classification with 998 samples and 1499 features. First and foremost, it’s
essential to understand fundamental concepts such precision, recall and Fi-score. To begin
with, Table shows the intuition where elements JV; ; correspond to C; classified under
j-class. Thus, this matrix, commonly called confusion matrix, depicts the classes(rows)
being classified correctly or incorrectly (columns). Now, Table shows the possible
values that each cell might take in terms of C;, where C;; indicates positive (number of
sample correctly classified) values and the rest to false.

Predicted class (C};)

C, . C; . Ch
S)i Ch Nia e Ny . Ny,
- . ) ) ) ) .
'i‘[[é . . . . . .
© Cz Ni,l ce N%] R Ni,n
= ) . . .
< c, N . N, . Non

Table 5.3: Confusion Matrix intuition where diagonal represents a correct clas-
sification

The following listing will elucidate in detail each possible value from Table [5.5

1. TP; (True Positive): The amounts of samples in class i correctly classified as posi-

tives (i.e., i classified. as i). See [5.2]

2. TN, (True Negative): Samples from class not ¢ correctly classified as negatives (i.e.,
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Predicted class (C})

~ ~

C N C: N c,
@ Cy TN; TN, FP; TN, TN,
? : TN, TN, FP, TN, TN,
© C FN, FN, TP, FN; FN;
E : TN, TN, FP, TN, TN,
= c, TN, TN, FP, TN, TN,

Table 5.4: Confusion Matrix where C; is correctly classified

correctly classified as not i). See [5.3|

TN; =Y Np=>»_ > Nj— (TP +FP+FN). (5.3)

J. ki j=1 k=1

3. FP; (False Positive): Samples from class not-i wrongly classified as positives (i.e.,
incorrectly classified as class 7). See

FP=>) Ny = Xn: Ny — TP, (5.4)
ki k=1

4. FN; (False Negative): Samples from class ¢ wrongly classified as negatives (i.e.,
classified as any class except class 7). See

n

FN; =) Ny=)> Ny-TP; (5.5)
ki k=1

In [72|, accuracy, recall, recall and F' - measures are defined accordingly for multiclass
applications. For instance, accuracy can be defined as the number of correct classifications,
as clearly explained in Eq[5.6] While precision refers to sample C; classified correctly with
respect to the samples that got predicted as positives by classifiers, such behavior is shown
in Eq 5.7 On the other hand, recall is a measure of correctly selecting instances of the
target class C; related to the positive samples and formally defined in Eq[5.8 As a result,
[ - measure is the harmonic mean of the precision and recall, shown in Eq[5.9]

Z?:l TP;

Accuracy = —4 b (5.6)
Zi:1 Zj:l N, i
TP;
Precision; = TP 1 FP, (5.7)

38



TP;
I = — .
Recall; TP, 7 FN, (5.8)

Precision; x Recall;
F-M i = 2 5.9
CASITe % Precision; + Recall; (5.9)

Finally, the Fj-macro is the unweighted average of the Fj-Scores for each individual class

defined in Eq[5.10]

N
1 )
Fy — Macro = N E ' (5.10)

i=1

5.6 Hyperparameter selection

The selection of hyper-parameters for each of the wavelength selection algorithms is de-
tailed in the subsequent listing. [CAFS|and [CAFS|employ SVM with C' = 1,an rbf kernel
and a ovr decision function shape. For [CAFS| kNN, in Algarrobo, Fresh Meats, CIS,
Pureé fruits, the number of neighbors is set to 3 and 2 neighbors for Cacao Nibs and
Olive Oils; whereas for [CAFS kNN, Algarrobo is only experimented with 3, and the other
tasks with 2; that is to say, a short experimentation was conducted between 2 and 3 neigh-
bors, for the main reason of not having a feature selection bias toward hyper-parameter
optimization. In the case of OPF, the existing implementation available in 73] is utilized,
specifically focusing on the SupervisedOPF class and among many hyper-parameters
available, only the distance metric is set to Log Squared Euclidean. The MLP is configured
to operate with stochastic gradient descent and a maximum of 7000 iterations.

1. BBA: The best hyper-parameters that showed good performance with respect to
the selected wavelengths and accuracy for all task were the following: f.i, = 1,
fmae =15, A=1.0,r=0.7, « = 0.95, v = 0.6.

2. CAFS: Only a CA that matches the number of existing wavelengths for each of the
datasets.

3. ICAF'S: CIS were configured using strength ¢ = 3 for the construction of
. Non-plus/plus Algarrobo, Cacao nibs, Fruit Purée, Fresh Meats and Olive
Oils were utilized with ¢ = 2. The alphabet specific to each covering array is
Z, = {0,1}. Given the vast array of wavelengths associated with Cacao Nibs, a
practical level of interaction was selected for each column ¢ = 2 to avoid exponential

increases in computational time due to the complexity of [POG]|as discussed in [33].
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5.7 Umap visualization

Datasets presented in Section show high dimensionality, meaning the number of fea-
tures is really high for each application. As an example, non-plus/plus algarrobo , ca-
cao nibs, fresh meats, and fruit purée exhibit such properties as listed in Table [5.1]
Then, a visualization method is strictly needed in order to compare features selected from
ILICAFS||CAFS|/|BBA| against the complete feature space for each task. For this reason,
UMAP|74], a dimensionality reduction algorithm, was chosen. UMAP’s main objective
is to convert high dimensional problems into typically 2 or 3 dimensions to get a space
that accurately represents data points connected and clustered together. Hence, main
methodology for constructing such a reduced space is constituted from two main phases.
First, is to construct a weighted graph from the original data to reveal how points are close
to each other. Second, during an iterative process, it pulls connected points and pushes
away unconnected points until it can resemble a graph that looks as much as possible like
the original one.

For the first phase, it assumes the data lies on a hidden, curved surface, called a manifold,
assuming each sample is evenly spread out. For each point, it finds its k nearest neighbors
and the distance to these neighbors is adjusted so that dense and sparse areas of data
are treated equally. Secondly, it calculates the strength of the connection from point ¢
to its neighbor j. But sometimes, calculating the strength bidirectionally won’t result
in the same values. Hence, UMAP will combine them to get a fair strength. Once
the symmetrization process successfully balanced strengths, as the second phase, it starts
arranging(pull and push) points in a low dimension by iteratively measuring cross-entropy
against the original graph, in order to construct a graph in lower dimension very likely to
the complete.

40



6. RESULTS AND DISCUSSION

Overview: In this chapter, a comprehensive discussion of the obtained results
will be presented.
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6.1 CAFS Results

Table [6.2] presents the wavelengths resulting from [CAFS| KNN, [CAFS|SVM, [CAFS| OPF,
and [CAFS| MLP. The wavelengths selected by the KNN variant demonstrated superior
performance compared to the ones on SVM, MLP, and OPF; however, these results can
be attributed to the absence of comprehensive hyperparameter optimization for each
implemented learning algorithm employed. It is advisable to conduct a thorough analysis
to identify the optimal set of hyper-parameters to enhance the Fj score for each of the

proposed [CAFY] variations.

Figure[6.4] a illustrates the number of optimal wavelengths selected in each iteration along
with their corresponding scores for the Cacao Nib problem. In this case, a smaller subset of
selected wavelengths resulted in higher accuracy. Conversely, as depicted in Figure [6.4] b,
the non-plus/plus Algarrobo exhibited an opposing trend; a reduction in wavelengths led
to a lower Fj-score. The UMAP projection in Figure [6.1] indicates that the two classes
are in close proximity to each other; hence, it can be inferred that [CAFY eliminated
significant wavelengths throughout the 10 iterations for non-plus/plus algarrobo.

Additionally, [CAFS| MLP showed a similar pattern; however, as the wavelengths were
reduced by half in each iteration, the score was markedly affected, as observed in Fig-
ure [6.4] c. Furthermore, a considerable amount of time was required to achieve the results
previously noted.

U o g o o

Figure 6.1: UMAP Representation for Algarrobo dataset with CAFS KNN

6.2 ICAFS Results

Table [6.2 displays the results for all [CAFS| versions. KNN version surpassed the SVM

implementation in terms of F}-score; however, the SVM utilized fewer wavelengths while
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still maintaining an acceptable Fj-score. In addition, a similar pattern was observed with
[CAFS OPF, albeit only in the cases of Fresh Meat, Fruit Purée, and Olive Oilis Quadrum.
Figure[6.5 ¢ illustrates a clear correlation between feature reduction and improved scoring
for ICAFS OPF in the Cacao task.

In Figure [6.5] a, [CAFY effectively selected 5 wavelengths from a total of 1401 across 9
iterations, achieving commendable performance with the feature space being reduced by
half in each cycle. However, during the final iteration, the Fj-score experienced a signifi-
cant decline attributable to the reduction of wavelengths. This underscores two insights:
that an increased number of iterations does not necessarily enhance performance and that
removing wavelengths may lead to the loss of critical information about the chemometric
systems, thereby degrading performance. Figure [6.5d corroborates the aforementioned
statement. Figure depicts two UMAP representations of the Algarrabo dataset, where
on the left it is shown a UMAP plot with all available wavelengths, while on the right,
it displays its UMAP representation with wavelengths selected through [CAFS|KNN and
stated on Table [6.2] This observation stands in contrast to [CAFS KNN algarrobo as
illustrated in Figure [6.1 owing to the fact that [CAFS KNN selected a total of six wave-
lengths.

The two plots clearly demonstrate that the wavelength subselection significantly influ-
enced the structure of the data, thereby explaining the previously discussed reduction in
accuracy, as it caused the classes to become more proximate. However, the performance
achieved with only three wavelengths is deemed quite satisfactory.

Conversely, the Multilayer Perceptron (MLP) demonstrated incredible performance across
all presented tasks. For instance, Figure[6.5] e illustrates the reduction in wavelength while
preserving an exceptional Fj-score. Furthermore, as shown in Figure [6.5 b, the MLP
effectively minimized wavelengths in datasets with limited observations, such as Fresh
Meats with 120. Nevertheless, a notable limitation is the prolonged computational time
required for high-dimensional problems, which is nearly two hours, with a clear inability
to reduce the feature space extensively within fewer iterations.

The Figure [6.3] shows Fresh Meat, Fruit Purée, and Olive Oils Quadrum reduced with
ICAFS KNN and projected using UMAP.

Results for the best strength

From Table [6.2] it can be seen the best results obtained according to our tie breaker
criteria during each ¢ for [KNN|and [SVM] Let’s recap that we don’t seek the small subset,
neither the one that has a maximum F}-score; only those that don’t degrade system
performance significantly. From Breast Cancer results on KNN, we could notice that
most of the subsets include the most informative features. This is positive because even
though we don’t focus on getting the most significative features, we could find subsets
in which these features appeared; moreover, the Fj-score obtained at each t shows an
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Figure 6.2: UMAP Representation for Algarrobo Dataset with ICFAS KNN

incremental tendency in relation to higher strengths. Other interesting facts noted are
the number of features selected as the interaction incremented; this phenomenon happened
due to the feature interaction being stronger. The same thing can be said for Wine, with
the only distinction that some of the important features were not included as Alcohol,
pH and Sulphates in lower strength; but only in greater strength. On Letter Recognition,
the Fi-scores weren’t increasing as the two other datasets; instead, it presents a notable
fluctuation on each iteration.

On the other hand, for SVM, the very same behavior as KNN was observed, and such
results are displayed in Table [6.21 One thing to notice is the difference between the
features selected, confirming that the use of different learning algorithms may lead to
different sets of features. Another thing that is very visible is that the more strength,
the less feature reduction; on the other hand, lower strength leads to smaller interactions,
allowing smaller subsets.

The figure is a series box plot describing the progression of the F} scores during each
t. This trend observed on the plots confirms that with greater strength, the F} scores
increased, but this is something that needs to be analyzed with care. All subsets generated
at t > 2 include relevant features; as an example, let us take from Figure the letter
recognition best subset on all strengths. Hence, one can notice that the intersection
between all subsets is high. In other words, the feature versatility expected in higher
strength resulted low. Moreover, for all experiments with ¢ = 6 at every ¢ € T, the
subsets selection remains the same and that could be confirmed on Figure [6.6] with F}-
scores plotted on the same coordinate. Then, this only confirms that interaction in greater
strengths is stricter and may include a few additional features, but let us remember that
[CAFYS method’s main priority is to select the best accuracy possible for classification
problems and the exclusion of a few features is not a problem. Moreover, according to
one of the many objectives for feature selection, is the selection of a subset well enough
that does not degrade performance, and this is a fundamental part for [CAFS} so given
these two statements, we can say that the best ¢ for [CAFS|is ¢ = 2 and ¢t = 3, because
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Figure 6.3: UMAP Representation for Fresh Meats,Fruits Purée and Olive Oils
using ICAFS KNN

it allows smaller interaction resulting in greater feature reduction at lower computational
time. Moreover, subsets selected at t > 4 seemed to get to the point of generating the same
subsets among all iterations and features picked can be also seen on subsets generated
in lower ¢t. Secondly, the time for computing [covering arrays| with ¢ > 4 consumed high
computational resources and takes longer in finishing. Instead, future work in [CAFS]|
must be focused on designing faster binary non-deterministic [covering arrays| algorithms
as an alternative to [POG] for ¢t = 2; by bringing to life one of the many mathematical
approaches discussed on Section [2.1.1] This way, different subsets can be generated during
multiple runs, enabling a possible diversity in subsets generated.
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6.3 Performance Test

Although this experiment primarily aims to identify the optimal subsets of wavelengths for
high-dimensional chemometrics applications using [CAFS| [CAFS| and [BBAl [CAFS| will
be evaluated under three distinct scenarios: (1) a dataset consisting of 3000 samples with
10,000 total features employing KNN, (2) a dataset with 3000 samples and 10,000 total
features using SVM, and (3) a dataset containing 10,000 observations and 11 classes with
KNN and SVM. The datasets were synthetically generated using the make classification
function available in sklearn. Below, hyper-parameters for each generated dataset are
detailed in the subsequent listing.

1. A four-dimensional hypercube is constructed using the most informative features,
encompassing a total of 3000 observations. Each class is represented by four Gaus-
sian clusters situated at the vertices of the hypercube, implying that samples for each
class are generated from four distinct distributions. This arrangement intentionally
induces overlap between clusters, with a separation magnitude of 5.
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2. We utilize the same parameters as employed in the prior dataset, while decreasing
the separation to 2, which allows the clusters to assume a closer proximity.

3. A nine-dimensional hypercube characterized by 1000 distinct features, comprising
11 classes, each containing 11 Gaussian clusters, with a separation of 2 with KNN
and SVM.

As illustrated in Figure [6.7] a, the results demonstrate a remarkable advancement in the
KNN algorithm, where a reduction in the number of features is associated with an increase
in Fj-score. A similar enhancement is observed for SVM, as shown in Figure [6.7] b;
particularly in the context of more closely aligned Gaussian clusters. In the case of KNN
with eleven classes, as the features are progressively reduced, there is a significant impact
on the F-scores; however, this trend becomes evident starting at iteration 7, as depicted
in Figure [6.7/c¢. In contrast, on Figure [6.7d where SVM yields lower Fij-scores. Even
though there is a noticeable Fj-score improvement ~ 9% from iteration 0 to 8. The lower
F-scores yielded may be attributable to the number of clusters per class, suggesting that
SVM may not be the most suitable algorithm for addressing this problem.

6.4 BBA Results

The concluding three rows of Table[6.2]elucidate the outcomes of the BBA algorithm after
10 iterations. In the context of the cacao problem, this algorithm successfully identified
441 wavelengths from a total of 1401, achieving an accuracy £ 85%. Similarly, in the
case of non-plus/plus Algarrobo, the algorithm selected 7 wavelengths and was proficient
in identifying the two most pertinent wavelengths within the circle in a square. For
Fruit Purée, Fresh Meats, and Olive Oils, it also selected a vast number of wavelengths

compared to ICAFS and CAFS.

The substantial quantity of selected wavelengths results from the limited ability to further
condense the feature space within the optimal subset at each iteration. To replicate the
same performance observed with CAFS and ICAFS, it is necessary to conduct multiple
runs using the most advantageous feature subset, which necessitates conducting numerous
experiments and consistently optimizing hyperparameter selection.

6.5 Overall Results and Complexity

The complexity of is mainly governed by the construction of covering arrays using
the algorithm. The overall complexity of is O(d"™! x n'~! x logn), because
from each logn test or row generated, it takes d'~! x n'~! to find whether each possible
combination of parameters covers the most combinations of parameters’ values. Then, it
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can be said that the overall complexity of is O(kd'~'n'~1logn), where k is the
number of iterations passed as a hyperparameter to [[CAFS| On the other hand, [CAFS|
shows a better complexity because the construction of the covering array is extracted,
taking into account the best case O(n x m;”), because for each test, it has to wait for
the selected learning algorithm or Ir to process each subset of wavelengths, which means
that the time complexity is fully driven by the learning algorithm used. Moreover, each

time the algorithm selects a subset, the columns are reduced by half at each iteration.

Before concluding the results obtained, our tie-breaking criterion involves prioritizing
a small number of wavelengths that achieve a Fj-score sufficiently comparable to that
achieved with an extensive feature space, so that performance is not degraded [75].

kNN/SVM algorithm demonstrated superior performance compared to and
other variants of[CAFS|and [CATFS], as evidenced by its higher Fj-score on the wavelengths
selected. Nonetheless, it is imperative to acknowledge that this should not be regarded as
the sole determining factor, as the outcomes of the experiments demonstrate that both the
number of wavelengths selected and the achieved Fj-score are contingent upon the choice
of learning algorithms employed. On the other hand, non-plus/plus algorrobo performed
really well on [CAFS| OPF, but the number of wavelengths selected really contrasted with
those selected for [CAFS| and [CAFS] with only 3 wavelengths and a decent Fj-score on
SVM. For CIS, despite being a synthetic dataset, only [CAFS| approximates the primal
characteristics X and Y.

The Olive Oils dataset exhibited outstanding performance using the ICAFS OPF algo-
rithm with just three wavelengths; however, it remains questionable whether the same
can be asserted for CAFS, which consistently obtains Fj-scores £ 90% across all varia-
tions. Furthermore, both the Fruit Purée and Fresh Meats datasets achieved remarkable
outcomes when evaluated with CAFS/ICAFS. Finally, MLP version showed great per-
formance regarding the Fj-score obtained, but according to our tiebreaker factor, it did
not select a small subset of wavelengths compared to the other variants and took a lot of
computation resources. However, the practitioner should choose between fewer selected
wavelengths and minor variations in accuracy based on specific application needs. As
shown in Table [6.6] the execution time is provided in seconds for each variation of the
algorithms.
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Dataset Number wavelengths selected Maz No. It- Fy-Score

erations

Cacao 5 1739, 1848, 1914, 2106, 2362 9 93.02

Nibs

Non- 3 NGRDI, NDVI, RVI 10 70.92
ICAFS kNN  Plus/Plus

Algarrobo

Fresh Meat 6 11634.3875, 1713.499, 1719.2875, 1746.3015, 1836.991, 1842.7805 10 94.89

Fruit 8 1404.985, 1443.585, 1474.465, 1516.925, 1609.565, 1679.044, 1771.684, 1802.564 10 95.05

Purée

Fresh Meat 6 11634.3875, 1713.499, 1719.2875, 1746.3015, 1836.991, 1842.7805 10 94.89

Olive Oils 4 974.4775, 1032.3625, 1130.77, 1617.021 10 88.40

Quadrum

Circle In 3 X, Y, Y40 2 99.02

Square

Cacao 2 1219, 1938 10 73.34

Nibs

Non- 3 Edge Red, CIVE, VEG 3 74.85
ICAFS SVM Plus/Plus

Algarrobo

Fresh Meat 3 1622.8095, 1719.2875, 1750.1605 9 92.38

Fruit 5 1088.467, 1188.826, 1250.586, 1377.966, 1559.385 10 93.69

Purée

Olive Oils 4 968.689, 1126.911, 1250.404, 1603.5135 10 90.69

Quadrum

Circle In 3 X,Y, X10 3 97.49

Square

Cacao 6 1737, 1812, 1929, 1983, 2111, 2300 10 95.94

Nibs

Non- 9 N GRDI, NDVI, RVI, DVI, EVI, REVI, NDRE, RERVI, REDVI 2 77.45
ICAFS OPF Plus/Plus

Algarrobo

Fresh Meat 3 1539.838, 1580.3595, 1684.5555 10 90.74

Fruit 6 1277.606, 1296.906, 1366.386, 1451.305, 1609.565, 1690.624 10 93.47

Purée

Olive Oils 3 964.83, 1130.77, 1265.84 10 94.20

Quadrum

Circle In 3 X, Y, Y40 2 99.24

Square

Cacao 133 1656, 1662, 1663, ... 2290, 2396, 2418 10 98.26

Nibs

Non- 3 R, MGRVI, REDVI 10 73.22
ICAFS MLP Plus/Plus

Algarrobo

Fresh Meat 11 1377.755, 1416.346, 1429.8525, 1520.543, 1561.0635, 1615.0915 ...,1800.3295, 1808.0475 10 90.74

Fruit 66 1289.186, 1304.626, 1308.486, ...,1787.124, 1790.984 10 93.69

Purée

Olive Oils 7 986.0545, 1092.179, 1215.671, 1339.163, 1468.4445, 1601.584, 1730.8655 9 86.77

Quadrum

Circle In 3 X, Y, Y40 3 95.60

Square

Table 6.1: Wavelengths resulted from executing BBA and CAFS on digh di-
mensional chemometrics datasets
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Dataset Number wavelengths selected Max No. It- F;-Score

erations

Cacao 5 1725, 1830, 1929, 2075, 2117 8 94.38

Nibs

Non- 6 Edge Red, EXGR, VEG, RGBVI, NDVI, DVI 10 T4.77
CAFS kNN  Plus/Plus

Algarrobo

Fresh Meat 4 1128.8405, 1537.9085, 1715.4285, 1755.949 9 97.49

Fruit 5 1165.666, 1289.186, 1339.366, 1420.425, 1447.445 10 95.14

Purée

Olive Oils 5 972.548, 1317.9385,  1408.628,  1607.3735, 10 91.40

Quadrum 1730.8655

Circle In 4 X,Y, X10, Y40 3 98.34

Square

Cacao 4 1219, 1937, 2102, 2312 10 83.61

Nibs

Non- 3 NIR, NGBDI, VEG 10 75.72
CAFS SVM  Plus/Plus

Algarrobo

Fresh Meat 6 1022.715, 1080.602, 1377.755, 1485.81, 1622.8095, 10 97.49

1755.949

Fruit 5 1157.946, 1381.826, 1408.845, 1443.585, 1682.904 10 94.95

Purée

Olive Oils 6 970.6185,  1132.7005, 1225.3195, 1254.263, 6 94.60

Quadrum 1645.9645, 1838.9215

Circle In 4 X, Y, X10, Y40 4 97.75

Square

Table 6.2: Wavelengths resulted from executing BBA and CAFS on digh di-
mensional chemometrics datasets
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Dataset Number wavelengths selected Mazx No. It- Fj-Score

erations

Cacao 4 1389, 1511, 1940, 2140 10 94.14

Nibs

Non- 5 NGRDI, GBRI.1, MGRVI, DVI, REVI, REDVI 10 77.01
CAFS OPF Plus/Plus

Algarrobo

Fresh Meat 6 1121.1225, 1179.0095, 1453.0075, 1613.162, 10 96.33

1755.949, 1771.386

Fruit 6 1146.366, 1347.086, 1447.445, 1455.165, 1466.745, 10 96.43

Purée 1597.985

Olive Oils 7 914.662,  1001.4905,  1144.2775, 1209.8825, 7 91.24

Quadrum 1572.6415, 1661.4005, 1727.0065

Circle In 2 Y, Y40 1 98.45

Square

Cacao 14 1124, 1213, 1310, 1339, 1399 ..., 2477 7 91.49

Nibs

Non- 2 G, MGRVI 3 74.01
CAFS MLP Plus/Plus

Algarrobo

Fresh Meat 5 1084.461, 1250.404, 1686.485, 1725.077, 1752.09 10 97.49

Fruit 7 1011.267, 1049.867, 1161.806, 1304.626, 1424.285, 18 91.39

Purée 1443.585, 1679.044

Olive Oils 15 930.098, 949.394, 976.407, 1020.7855, 1034.292, 10 90.02

Quadrum ... 1746.3015, 1887.16

Circle In 3 X, Y10, Y20 4 93.42

Square

Cacao 441 1100,1101, 1102 ... 20 93.09

Nibs

Non- 7 G, NIR, EXG, NGBDI, GBRI.1, MGRVI, RERVI 20 72.16
BBA Plus/Plus

Algarrobo

Fresh Meat 140 1009.2085, 1018.856, 1022.715, ...,1856.287, 20 94.37

1858.2165, 1860.146

Fruit 84 899.327, 907.047, 914.767, 918.627, 937.927, 20 91.54

Purée ...,1760.104, 1763.964

Olive Oils 183 810.469, 812.3985, 818.187, 835.5525, 837.482, ..., 20 86.78

Quadrum 1885.2305, 1887.16, 1894.878

Circle In 2 XY 20 98.74

Square

Table 6.3: Wavelengths resulted from executing BBA and CAFS on digh di-
mensional chemometrics datasets
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Dataset Number features selected Maz No. [t- Fij-score

erations
Breast Cancer 3 perimeter worst, smoothness worst, concavity worst 10 94.19
t =2 Letter Recogni- 8 y2bar, xybar, x2ybr, xy2br, x-ege, xegvy, y-ege, yegvx 5 92.66
tion
Wine Quality 3 chlorides, free sulfur dioxide, total sulfur dioxide 10 96.01
Breast Cancer 3 concave points mean, radius worst, texture worst 10 96.41
t =3 Letter Recogni- 10 y-bar, x2bar, y2bar, xybar, x2ybr, xy2br, x-ege, xegvy, 2 95.73
tion y-ege, yegvx
Wine Quality 3 residual sugar, total sulfur dioxide, density 10 97.72
Breast Cancer 5 area mean, texture worst, perimeter worst, area worst, 10 96.59
t=4 smoothness worst
Letter Recogni- 10 onpix, x-bar, y-bar, x2bar, y2bar, xybar, xy2br, xegvy, 2 93.42
tion y-ege, yegvx
Wine Quality 7 fixed acidity, volatile acidity, chlorides, total sulfur diox- 2 98.74
ide, pH, sulphates, alcohol
Breast Cancer 5 symmetry se, radius worst, texture worst, smoothness 10 96.41
t=25 worst, concavity worst
Letter Recogni- 8 y2bar, xybar, x2ybr, xy2br, x-ege, xegvy, y-ege, yegvx 4 92.66
tion
Wine Quality 5 residual sugar, chlorides, total sulfur dioxide, density, 10 98.95
alcohol
i—6 Breast Cancer 13 ..., radius worst, texture worst, concavity worst, sym- 10 97.16
metry worst, fractal dimension worst
Letter Recogni- 10 y-bar, x2bar, y2bar, xybar, x2ybr, xy2br, x-ege, xegvy, 10 95.73
tion y-ege, yegvx
Wine Quality 7 volatile acidity, residual sugar, chlorides, total sulfur 10 99.04

dioxide, density, sulphates, alcohol

Table 6.4: Features resulted from executing ICAFS KNN on Breast Cancer,
Letter Recognition and Wine Quality
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Dataset Number features selected Max No. It- Fy-Score
erations

Breast Cancer 2 area worst, concave points worst 10 94.46
t =2 Letter Recogni- 12 onpix, x-bar, y-bar, x2bar, y2bar, xybar, x2ybr, xy2br, 2 90.87

tion X-ege, Xegvy, y-ege, yegvx

Wine Quality 3 total sulfur dioxide, density, sulphates 10 96.32

Breast Cancer 3 concave points mean, texture worst, perimeter worst 10 96.23
t =3 Letter Recogni- 13 height, onpix, x-bar, y-bar, x2bar, y2bar, xybar, x2ybr, 1 91.55

tion xy2br, x-ege, xegvy, y-ege, yegvx

Wine Quality 3 residual sugar, total sulfur dioxide, density 10 97.83

Breast Cancer 7 concave points mean, fractal dimension se, ..., oncave 10 97.54
t=4 points worst, symmetry worst

Letter Recogni- 12 onpix, x-bar, y-bar, x2bar, y2bar, xybar, x2ybr, xy2br, 1 90.87

tion X-ege, Xegvy, y-ege, yegvx

Wine Quality 7 fixed acidity, volatile acidity, chlorides, total sulfur diox- 2 99.02

ide, pH, sulfates, alcohol

Breast Cancer 5 perimeter mean, radius se, compactness se, texture 10 96.26
t=5 worst, concavity worst

Letter Recogni- 11 x-bar, y-bar, x2bar, y2bar, xybar, x2ybr, xy2br, x-ege, 1 90.86

tion Xegvy, y-ege, yegvx

Wine Quality 5 volatile acidity, residual sugar, total sulfur dioxide, den- 10 99.10

sity, alcohol

Breast Cancer 13 area mean, smoothness mean, compactness mean, con- 10 97.53
t=6 cavity mean ..., concavity worst, concave points worst

Letter Recogni- 13 y-box, height, onpix, x-bar, y-bar, x2bar, y2bar, xybar, 1 90.77

tion x2ybr, xy2br, xegvy, y-ege, yegvx

Wine Quality 8 volatile acidity, citric acid, residual sugar, chlorides, free 10 99.43

sulfur dioxide, total sulfur dioxide, density, alcohol

Table 6.5: Features resulted from executing ICAFS SVM on Breast Cancer and

Wine Quality

Dataset ICAFS KNN ICAFS SVM ICAFS MLP ICAFS OPF CAFS KNN CAFS SVM CAFS MLP CAFS OPF  BBA
Cacao Nibs 189.3021 247.33 29516.288 2982.830 25.159 130.694 24466.6029 4091.31 172.100
Algarrobo 4.322 9.258 195.1395 524.643 28.59 42.56 1399.90 3251.520 80.520
Fruit Purée 12.76 18.8976 4750.85 1643.96 24.027 33.44 5165.767 3426.186 128.44
Fresh Meats 24.913 17.4978 926.422 74.269 11.22 7.49 1571.18 119.485 99.244
Olive Oils 32.814 35.801 1587.82 85.098 11.55 8.220 1890.65 121.45 58.682

CIS 54.425 391.064 4532.609 35323.352 198.633 2462.36 3444.15 3444.157 686.53

Table 6.6: Execution time taken for each of the algorithms addressed in seconds
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7. CONCLUSIONS

Overview: This final chapter serves as the culmination of this extensive work.
Moreover, in this chapter we will discuss our findings along with the future
direction that [[CAFS can take.
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7.1 Conclusions

During this work, a new wavelength selection algorithm was proposed for chemometric
applications called [CAFS| that relied on binary [covering arrays| a strong combinatorial
data structure that modeled interaction between ¢ parameters; allowing the simulation
of feature interaction across wavelengths and iteratively reducing the feature space by
taking advantage of its intrinsic characteristic of generating new |covering arrays|in previ-
ously selected subsets. This new approach was tested on high-dimensional chemometric
applications that showed exceptional results. The method was also validated to show its
applicability in the field of chemometrics.

In addition, the results showed that the algorithms based on [covering arrays| can sig-
nificantly outperform other metaheuristic methods such as the binary bat algorithm in
high-dimensionality chemometrics applications in reducing considerably wavelength space
and maintaining competitive performance, as evidenced by superior F} scores obtained
by using different classifiers. This assertion stems from the deep analysis carried out
with against [CAFS|/ [CAFS| because covering-array like algorithms, upon select-
ing a candidate subset of wavelengths, model new interactions between these parameters,
thereby iteratively leading to a reduced set of wavelengths. In contrast, [BBA] did not
exhibit such a feature, as its search strategy is predicated on swarm optimization. Then,
the Bat population is updated according to a specific heuristic, without consideration of
interactions among multiple system wavelengths.

Notably, a primary distinction between [CAFS| and [CAFS|is that it generates new cov-
ering arrays with each iteration, ensuring that subsequent test sets are minimized more
effectively compared to [CAFS] This is because [CAFS| while adapting the covering array
to the selected wavelengths, typically results in a larger number of test cases, owing to
its inability to generate new interactions for features selected. For this reason, [CAFS|
showed better impactful results than [CAFS| as even though [CAFS| showcases Fj-scores
significantly greater with some of the learning algorithms addressed, it shows that the fea-
ture reduction is not smaller and such characteristics are important due to the overlapping
and noise in features available for high-dimensional chemometrics applications. Hence,
[CAFS| successfully extended [CAFS| and by the results demonstrated, it could generalize
a powerful and well-validating tool for chemometrics.

Additionally, [CAFS|was validated in very high-dimensional synthetic datasets with around
10,000 features and 11 classes, showing outstanding results but at the same time, rein-
forcing the idea that the exclusion of features in further iterations may lead to decreasing
scores. Moreover, in rigorous experiments conducted, the best ¢ was selected. But not
only that, this experimentation was also applied with a non-chemometrics dataset, imply-
ing its applicability for generic applications. As a result, a preliminary version of [CAFS|
can be found in the next github repository.

Finally, all these results were obtained with near-minimum hyper-parameter optimization

o8



in the learning algorithms utilized or default configuration, and even though they demon-
strated outstanding results, they didn’t demonstrate an optimum set of hyperparameters
for getting the best Fj-scores in the problems addressed. Therefore, this methodology

only elucidates the proposal of [CAFS|in comparison with [CAFS| and [BBA]

7.2 Future Work

Future research directions may include the use of deep techniques for classification, and
the incorporation of an embedded covering array-guided search of hyper-parameters of
neural classifiers. The application of the algorithm to other chemometric problems is also
an issue to be addressed. Similarly, different algorithms to generate covering arrays may
provide a trade-off between complexity and a more accurate exploration of the feature
space in terms of the interactions between variables. Moreover, [CAFS| was fully tested
on chemometrics and partially on public benchmark datasets showing impactful results;
but regression tasks remain unexplored, therefore, this represents an area where [CAFS|
can address by implementing a filter /ranking variation. Furthermore, the methodology
delineated in [[CAFS| within the scope of this research can be extrapolated to bioinformat-
ics domains. For example, there exists evidence supporting the applicability of feature
selection techniques in genetic data for the classification of cancer variations [76]. This
represents a challenge that [CAFS|is suitably equipped to address.
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